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P�Q&S'^�S�h�V8_�k�l�mnb�\cb�QRYoS'Z�\�Q�PpPdbfY[b�QRYWV8Z�Vnka\cZ�hTS'^R^�\dq
r Pdhdh�\cbdYoS'Z�\ek�l�V

a
VaX

f(a)
QRYoS'b�\�h�\]QRY[^RY[s6YOt"ka\cb�X0Y[`aYW\cb�V�k�l�Vub�\cbfvn_�VaQR^R_RY[^R^RY[scS0wyxzq

r V;UoS|{"Pdbd`aYW\cb�V}v~ka\]QR^�S'bF^�V~UoS�hd_�\ch�\]QRY[`aYW\cb�V}m;�TS'bTS'U[Z�V8bF^�Vis5V8_RY��Tk�S'^�S0�M�6PdY[b�X0Y
Q�Pdhdh�\cbdYoS'Z�\�k�l�V

f
b�\cbpQRYoS�ka\]QR^�S'bF^�V]�OS'U[UW\c_�S�VaQRYWQ�^�V8_���Pdb2hdPdb6^�\

x1 > a
^�S'UWVuk�l�V

f(x1) 6= f(a)
��ScX~VaQ�V8Z�hdYW\

f(x1) > f(a)
q���N�S'U[^R_�S)hTS'_R^�V]��X�S'U[UoS2XdVz��bdY[`aYW\cb�V�X0Y

U[Y[Z�Y[^�V�XdVaX0P�k8YoS'Z�\ek�l�V

∀ε > 0, esisteM > 0 : f(x) ∈ (f(a) − ε, f(a) + ε)∀x > M

V]�
h�\cYWk�l�vpm+s5V8_�\;h�V8_�\c�]bdY
ε
h�\]Q�Q�YoS'Z�\$Q�kaV8�]U[YWV8_RUW\�S'�d�TScQ�^�S'bd`�S;hdYWkaka\cUW\�t"X0Yka\cb0�

Q�V8�]P�V8bd`�S���Q&S'_���Z�\cU[^�\��]_�S'b�XdV�x�Y[bpZ�\�Xd\�k�l�V

(∗) f(a) − ε < f(x) < f(a) + ε < f(x1), x > M

r YoS
x2

Pdb�hdPdbF^�\|k�l�Vps5V8_RY��Tk�SJt��'xzqJ�uS'^�\}k�l�V�UoS${(Pdbd`aYW\cb�Vfm�ka\cbF^RY[bFPTS0��h�V8_�Y[U
� Va\c_�V8ZeSeXdV8Y�scS'UW\c_RY�Y[b6^�V8_RZ�VaX0Y��-VaQ�YWQR^�V8_��

x3 ∈ (x1, x2)
^�S'UWVnk�l�V

f(x3) = f(a)
q��

�6P�VaQR^�\MhdPdbF^�\�h�\]Q�QRYoS'Z�\uS'hdhdU[YWk�S'_�V�Y[U � Va\c_�V8ZeSuX0Ydg\cU[UWV�b�V8U�ka\cZ�hTS'^R^�\
[a, x3]

�cb�V8U
�6PTS'UWV

f
ScQ�Q�PdZ�V��]U[Y�QR^�VaQ�QRYDs]S'UW\c_RY�b�V8�]U[Y
VaQR^R_�V8Z�Y�V��FPdY[b�X0Y�ka\cb�k8U[P�XdV8_�V�k�l�V�VaQRYWQR^�V

x4 ∈ (a, x3)
Q�\c^R^�\cY[b�QRYWV8Z�VnX0Y

(a,+∞)
^�S'UWVnk�l�V

f ′(x4) = 0
q

?1@-A"BDCFE(@-GDH� �K¢¡£V8_¢hd_�\�s]S'_�Vu�6P�VaQR^�VuX0YWQRPd�]PTS'�]U[YoS'bd`�VnQRY1h�\]Q�Q�\cb�\�P�Q�S'_�V�Y1Q�V8�]P�V8b6^RY
k8_RY[^�V8_RY��

t¤S5x r YoS'b�\
f(x), g(x)

X0P�V�{(Pdbd`aYW\cbdY�ka\cbF^RY[b6P�V�Y[b
[a, b]

V�XdV8_RY[s]S'�dY[U[Y£Y[b
(a, b)

q
r Pdhdh�\cb�V8b�Xd\fk�l�V

f(a) ≥ g(a)
V�k�l�V

f ′(x) ≥ g′(x)
h�V8_n\c�]bdY

x ∈ (a, b)
�£QRY�lTS

k�l�V
f(x) ≥ g(x) ∀x ∈ [a, b]

q

t(�-x r YoS'b�\
f(x), g(x)

X0P�Vu{"Pdbd`aYW\cbdY£ka\cb6^RY[bFP�V�Y[b
[a, b]

V�XdV8_RY[s]S'�dY[U[YDY[b
(a, b)

q
r Pdhdh�\cb�V8b�Xd\�k�l�V

f ′(x) ≥ g′(x) ∀x ∈ [a, b]
V�k�l�V

f(x0) = g(x0)
h�V8_n�FPTS'UWk�l�V

hdPdb6^�\
x0 ∈ (a, b)

��S'U[UW\c_�S¥Q�YMlTS�k�l�V]�
f(x) ≥ g(x) ∀x ∈ [x0, b]

V
f(x) ≤

g(x) ∀x ∈ [a, x0]

t"k�x r YoS'b�\
f(x), g(x)

X0P�V�{"Pdbd`aYW\cbdY�XdV8_RY[s]S'�dY[U[Y1Y[b
(a, b)

VMQ�YoS
x0

Pdb2hdPdbF^�\�X0Y
(a, b)

q r Pdhdh�\cb�V8b�Xd\�k�l�V
f ′(x) ≥ g′(x) ∀x ∈ (x0, b)

�
f ′(x) ≤ g′(x) ∀x ∈ (a, x0)

¦



Vuk�l�V
f(x0) = g(x0)

�TS'U[UW\c_�S�Q�Y1lTS�k�l�V
f(x) ≥ g(x) ∀x ∈ (a, b)

q

t(Y3x r Y5hdP�j�P�Q�S'_�V
Y[U5k8_RY[^�V8_RYW\�t"k�x�ka\cb
x0 = 0

h�\cb�V8b�Xd\
f(x) = ex

V
g(x) = 1+x

q
� b�S'U[^R_�\�Z�V8^�\�Xd\�ka\cb�QRYWQR^�Vnb�V8U�h�\c_R_�V

h(x) = ex − (1 + x)
�
�FP�VaQ�^�S�{(Pdbd`aYW\cb�VulTS

Pdb Z�Y[bdY[Z�\|ScQ�Q�\cU[Pd^�\~Y[b
x = 0

�2Y[b0{¤S'^R^RY�UoS~XdV8_RY[s]S'^�S~QRYS'bdbFPdU[UoS}h�V8_
x = 0

��m
h�\]QRY[^RY[s]S$h�V8_

x > 0
��m2b�V8�FS'^RY[s]S;h�V8_

x < 0
q¥¡DV8_�k8YWj

h(x) ≥ h(0) = 0
��k8YW\6m

ex − (1 + x) ≥ 0
�0h�V8_\c�]bdY

x ∈ R
q

t(Y[Y3x
L�VMXdV8_RY[s]S'^�VMXdV8U[UWVMX0P�V{(Pdbd`aYW\cbdY�scS'U[�5\cb�\
f ′(x) = x

4

V
g′(x) = 2x(x+1)2

(x+1)4
−

2(x+1)x2

(x+1)4
= 2x

(x+1)3
q

¡£V8_
x > 0

_RYWQ�PdU[^�S
f ′(x) ≥ g′(x)

Q�V�VQ�\cUW\�Q�V
(x+1)3 ≥ 8

Q�VVQ�\cUW\�Q�V
x+1 ≥ 2Q�V�V�Q�\cUW\+Q�V

x ≥ 1
q��
Q�Q�V8b�Xd\

f(1) = g(1) = 1/4
��UoSeX0YWQ�Pd�]PTS'�]U[YoS'bd`�S+Q�V8�]P�V�X�S'U

k8_RY[^�V8_RYW\$t"k�xzq

t(Y[Y[Y3x¢L�S)XdV8_RY[s]S'^�SeXdV8U[UoSe{"Pdbd`aYW\cb�V�m
f ′(x) = x−1

2x

√
x

V�QRY�S'bdbFPdU[UoS+h�V8_
x = 1

��m
h�\]QRY[^RY[s]S2h�V8_

x > 1
V�b�V8�FS'^RY[s]Sfh�V8_

0 < x < 1
q2¡DV8_�k8YWjd��Y[U�hdPdbF^�\

x = 1
m�X0Y

Z�Y[bdY[Z�\fScQ�Q�\cU[Pd^�\2h�V8_
f(x)

b�V8U[U�N Y[b6^�V8_RscS'U[UW\
(0,+∞)

q�¡£V8_
x > 0

_RYWQRPdU[^�S2�6PdY[b�X0Y
f(x) ≥ f(1) = 2

q
?1@-A"BDCFE(@-GDH��1K���U�Xd\cZ�Y[bdYW\eXdV8U[UoS�{(Pdbd`aYW\cb�Vnm��e�
	���Fq
r V8Z�hdU[Y��Tk�S'b�Xd\~Y[b|�TScQ�V2S'U[UWVehd_�\chd_RYWV8^��;XdV8U�UW\c�FS'_RY[^RZ�\;V+XdV8U�s]S'UW\c_�V2ScQ�Q�\cU[Pd^�\d��QRY
\c^R^RYWV8b�Vnh�V8_¢\c�]bdY

x 6= 0 f(x) = x − ln |x2 − 1| qLDS+{(Pdbd`aYW\cb�V�^�V8b�XdV+S
+∞ h�V8_

x → +∞ V�S −∞ h�V8_
x → −∞ q�L�V�_�V8^R^�V�X0Y

Va�6PTS'`aYW\cbdY
x = 1

V
x = −1

Q�\cb�\�ScQ�Y[bF^�\c^RY�s5V8_R^RYWk�S'U[YDVub�\cbfk8Y�Q�\cb�\�S'U[^R_RYDScQ�Y[bF^�\c^RY�q
L�VnXdV8_RY[scS'^�VnscS'U[�5\cb�\

f ′(x) =
x2 − 2x − 1

x2 − 1
f ′′(x) = 2

x2 + 1

(x2 − 1)2

LDSuXdV8_RY[scS'^�Snhd_RY[ZeSnQRY�S'bdbFPdU[UoS�h�V8_
x = 1+

√
2
V�h�V8_

x = 1−
√

2
k�l�V�Q�\cb�\uhdPdb6^RY

X0Y1Z�Y[bdY[Z�\e_�V8UoS'^RY[s5\dq
L�S�XdV8_RY[s]S'^�S�Q�Vaka\cb�X�S0�T�FPTS'b�Xd\�m�XdVz��bdY[^�S0��muh�\]QRY[^RY[scS0q
r Y1b�\c^RY�UoS�X0YWQ�ka\cbF^RY[b6PdY[^���h�V8_

x = 0
q

?1@-A"BDCFE(@-GDH���K�t(Y3x�L�S�XdV8_RY[s]S'^�S�XdV8U[UoSn{"Pdbd`aYW\cb�VMm
f ′(x) = 3x2 − 6x = 3x(x− 2)

�
k�l�VeQRYOS'bdb6PdU[UoSpY[b

x = 0
V

x = 2 �
h�\cYWk�l�v

f ′(x) > 0
h�V8_

x < 0
V�h�V8_

x > 2
�

V
f ′(x) < 0

S'U[^R_RY[Z�V8bF^RY���S'U[UW\c_�S;t"QR^RP�X0YoS'b�Xd\)UoSek8_�VaQ�kaV8bd`�S+V�UoSeXdVak8_�VaQ�kaV8bd`�S+XdV8U[UoS
{"Pdbd`aYW\cb�V�x�QRYTlTS�k�l�V

x = 0
m�Pdb+hdPdb6^�\�X0Y-ZeScQ�Q�Y[Z�\�_�V8UoS'^RY[s5\�V

x = 2
mPdb)hdPdbF^�\

X0Y1Z�Y[bdY[Z�\e_�V8UoS'^RY[s5\dq

t(Y[Y3x�L�S}XdV8_RY[s]S'^�S�XdV8U[UoS}{(Pdbd`aYW\cb�V$m
f ′(x) = e

x(x2−2x)
x
4

��k�l�V�QRYMS'bdbFPdU[UoSih�V8_
x = 0

V$h�V8_
x = 2

�ZeS
x = 0

b�\cb s]Sika\cb�Q�YWXdV8_�S'^�\ X�S'UMZ�\cZ�V8b6^�\ k�l�V;UoS
{"Pdbd`aYW\cb�V

f(x)
b�\cb|m�XdVz��bdY[^�S�Y[b��0q

f ′(x) ≥ Q�V�V+Q�\cUW\�Q�V
x2 − 2x ≥ 0

��\]Q�Q�YoS
h�V8_

x ≤ 0
Veh�V8_

x ≥ 2
�£�FPdY[b�X0Y

x = 2
m�Pdb�hdPdb6^�\$X0Y�Z�Y[bdY[Z�\�_�V8UoS'^RY[s5\;XdV8U[UoS

{"Pdbd`aYW\cb�V]q

�
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?1@-A"BDCFE(@-GDH ��K�L�S�{(Pdbd`aYW\cb�VpvpXdVz��bdY[^�S~Q�\cUW\~h�V8_��]U[Y"!|^�q�k]q √
x − x > 0

k8YW\�v
h�V8_

x ∈ (0, 1) �
UoS�XdV8_RY[s]S'^�Sphd_RY[ZeSfv

f ′(x) = 1−2
√

x

(
√

x−x)(2
√

x)

k�l�V�� b�V8UOXd\cZ�Y[bdYW\d��QRY
S'`a`�V8_�S�Q�\cUW\�h�V8_

x = 1/4 �
{�NWt#!Tx�v�h�\]QRY[^RY[scS�hd_RY[ZeS�X0Y ¦�$�% V�b�V8�FS'^RY[s]S�Xd\ch�\d���FPdY[b�X0Y

h�V8_
x = 1/4

QRY�lTS�Pdb$hdPdbF^�\)X0Y�ZeScQ�Q�Y[Z�\d� hd_�Vak8YWQ�S'Z�V8bF^�V�Y[U�hdPdb6^�\+X0YDka\6\c_�X0Y[bTS'^�V
(1/4, ln(1/2 − 1/4))

q
?1@-A"BDCFE(@-GDH'&�K�t(Y3x�UoS {(Pdbd`aYW\cb�V v¥XdVz��bdY[^�S Q�P ^RPd^R^�\ �

�
UoS XdV8_RY[scS'^�S hd_RY[ZeS v

f ′(x) = 1 + 2
3x

1/3

k�l�V�v�XdVz��bdY[^�S�QRP)^RPd^R^RY��]U[Y
x 6= 0

V�QRY1S'`a`�V8_�S�b�V8U1QRP�\�Xd\cZ�Y[bdYW\
Y[b

x = −8/27
Y[b�hd_�\]Q�QRY[Z�Y[^)(eXdV8U£�6PTS'UWV�Q�Y�lTS�Pdb$hdPdbF^�\2X0Y�ZeScQ�Q�Y[Z�\�_�V8UoS'^RY[s5\

�
Y[b

x = 0
UoSp{"Pdbd`aYW\cb�V+b�\cb�v+XdV8_RY[scS'�dY[UWV;� ZeS�Q�YOs5V8_RY��Tk�S$ka\cb|UoS$XdVz��bdY[`aYW\cb�V2k�l�V)QRY

^R_�S'^R^�S�X0YTPdb)hdPdbF^�\�X0Y�Z�Y[bdY[Z�\�_�V8UoS'^RY[s5\dq+*M\cbpk8Y-Q�\cb�\�ZeScQ�QRY[Z�Y�V¢Z�Y[bdY[Z�Y1ScQ�Q�\cU[Pd^RY
h�V8_�k�l�v

limx→∞ f(x) = ∞ V
limx→−∞ f(x) = −∞ q

t(Y[Y3x�UoS¢{"Pdbd`aYW\cb�VOvOXdVz��bdY[^�Sh�V8_
x > 0

� UoSXdV8_RY[scS'^�Shd_RY[ZeSscS'UWV
f ′(x) = ln2x+2logxV�QRY£S'`a`�V8_�S�b�V8YDhdPdb6^RY

x = 1
V

x = e−2 �TY[b�hd_�\]Q�QRY[Z�Y[^)(+XdV8YD�6PTS'U[YDQ�Y�lTS�Pdb$ZeScQ �
Q�Y[Z�\�VMPdb2Z�Y[bdY[Z�\�_�V8UoS'^RY[s�Y�q � bphTS'_R^RYWka\cUoS'_�V�h�V8_

x = 1
QRY�lTS�Pdb2Z�Y[bdY[Z�\�ScQ�Q�\cU[Pd^�\

h�V8_�k�l�v
f(x) = xlog2x > 0 = f(1) �

b�\cb~QRY�lTS�Y[b6s5VakaV�ZeScQ�QRY[Z�\)ScQ�Q�\cU[Pd^�\�h�V8_�k�l�v
limx→∞ f(x) = ∞ q

t(Y[Y[Y3x�UoS�{"Pdbd`aYW\cb�V$v$XdVz��bdY[^�Si�6PTS'b�Xd\
senx > 0

k8YW\6v$Q�V
0 < x ≤ π/2

ka\cb UoS
Q�PTSuh�V8_RYW\6X0YWk8Y[^)(

� f ′(x) = cosx

senx

k�l�V�Q�Y�S'`a`�V8_�S�Y[b+^RPd^R^RY�YThdPdb6^RY�XdV8U-^RY[h�\
π/2+2kπk�l�V�Q�\cb�\�^RPd^R^RY6hdPdb6^RY�X0Y6ZeScQ�QRY[Z�\d� Y[b�hTS'_R^RYWka\cUoS'_�VOZeScQ�QRY[Z�Y�ScQ�Q�\cU[Pd^RYFh�V8_�k�l�v

f(x) <
0 = f(π/2 + 2kπ)

� b�\cb$k]N�vuZ�Y[bdY[Z�\�_�V8UoS'^RY[s5\eh�V8_�k�l�v
lim

x→0+ f(x) = −∞ q

t(Y[s�x�UoS�{(Pdbd`aYW\cb�V�b�\cb�v¥XdV8_RY[scS'�dY[UWV�h�V8_
x = −3 �

UoS XdV8_RY[s]S'^�SJs]S'UWV ¦ Q�V
x >

−3
V −1

Q�V
x < −3 �

�6PdY[b�X0Yb�\cb QRY�S'bdb6PdU[UoS�ZeS'Y
�
b�\cb l�\}ZeScQ�QRY[Z�YM\}Z�Y[bdY[Z�Y

_�V8UoS'^RY[s�Y�� ZeS
f(x) ≥ 0 = f(−3)

���6PdY[b�X0Y�l�\�Y[U1ZeScQ�QRY[Z�\+ScQ�Q�\cU[Pd^�\�Y[b
x = −3

q
?1@-A"BDCFE(@-GDH-,-KuL�S${"Pdbd`aYW\cb�V2v2XdVz��bdY[^�S;h�V8_�^RPd^R^RY��]U[Y

x 6= 2
��k8YW\�v2Y[U�Xd\cZ�Y[bdYW\}v

(−∞, 2) ∪ (2,∞) �
v~b�V8�FS'^RY[s]S|Y[b

(−∞,−
√

3) ∪ (
√

3, 2)
V$h�\]QRY[^RY[s]Sib�V8YM_RY[ZeS!�

b�V8b6^RY�Y[b6^�V8_RscS'U[U[YuXdV8UMXd\cZ�Y[bdYW\
�
UWV$Y[b6^�V8_�Q�V8`aYW\cbdYuka\cbJ�]U[YuScQ�QRYQ�\cb�\iY�hdPdbF^RY�X0Y�ka\'�

\c_�X0Y[bTS'^�V
(0, 3/2), (−

√
3, 0)e(

√
3, 0) �

QRYlTS'bdb�\�X0P�V�ScQRY[b6^�\c^RY�s5V8_R^RYWk�S'U[Y�h�V8_
x =

2
V¥Pdb ScQRY[bF^�\c^�\ \c�dU[YW�FP�\ X0Y�Va�6PTS'`aYW\cb�V

y = x + 2 �
UoS XdV8_RY[s]S'^�S v

f ′(x) =√
x2 − 4x + 3(x − 2)2

��XdVz��bdY[^�Seh�V8_
x 6= 2

��VaQ�Q&SeQRY�S'`a`�V8_�S+Y[b
x = 1

V
x = 3

��X�S'U
Q�V8�]b�\�XdVaX0P�k8YoS'Z�\ek�l�V�Y[U1hdPdbF^�\

(1, 2)
v�Pdb�ZeScQ�QRY[Z�\�V

(3, 6)
PdbpZ�Y[bdY[Z�\dq

.


