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Abs t rac t .  L e t  R be a  l o c a l l y  f i n i  te -d imens iona l  i n t e g r a l  do- 

main. I t i s  proved t h a t  R[X, ,. . . , Xn] i s  ca tena r ian  f o r  each 

p o s i t i v e  i n t e q e r  n  i f  e i t h e r  gl. dim(R) = 2 o r  R i s  a  

go i  ng-down s t r o n g  S-domai n. 

A1 1  r i n g s  cons idered be1 ow a r e  (commutative i n t e g r a l  ) do- 

mains. A r i n g  R i s  s a i d  t o  be ca tena r ian  i n  case, f o r  each 

p a i r  P c Q o f  pr ime i d e a l s  o f  R , a l l  sa tu ra ted  chains of 

pr imes f rom P t o  Q have a  common f i n i t e  l eng th .  Note t h a t  

each ca tena r ian  R must be l o c a l l y  f i n i t e - d i m e n s i o n a l  (LFD), 
861 
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862  BOUVIER, DOBBS, AND FONTANA 

i n  t h e  sense t h a t  each pr ime i d e a l  o f  R  has f i n i t e  he igh t .  I n  

12, Lemma 2.31, we showed t h a t  i f  t h e  po lynomia l  r i n g  R[XJ i s  c a t -  

enar ian,  t hen  R i s  a  s t r o n g  S-domain, i n  t h e  sense i n  1111. We 

say t h a t  a  (no t  n e c e s s a r i l y  Noether ian)  r i n g  R i s  u n i v e r s a l l y  

ca tena r ian  i f  t h e  po lynomia l  r i n g s  RIX1 ,. . . , Xn] a r e  ca tena r ian  

f o r  each p o s i t i v e  i n t e g e r  n  . The most f a m i l i a r  examples o f  u n i -  

v e r s a l l y  ca tena r ian  r i n g s  a re  a r b i t r a r y  Cohen-Macaulay (C.M.) do- 

mains ( c f .  [u, Theorem 311); t h e  Noether ian domains o f  ( K r u l l  ) 

dimension 1  (as a  consequence o f  C.M. , o r  by us ing  R a t l i f f ' s  

r e s u l t  115, (2.6)]  t h a t  a  Noether ian r i n g  R i s  u n i v e r s a l l y  

ca tena r ian  i f  and o n l y  i f  R[X] i s  ca tena r ian ) ;  and t h e  LFD P r i f e r  

domains ( c f .  [MJ, [GI, [ l ] ) .  I n  [z], we a x i o m a t i c a l l y  charac- 

t e r i z e d  t h e  c l a s s  o f  a l l  u n i v e r s a l l y  ca tena r ian  domains and 

presented some new c lasses o f  u n i v e r s a l l y  c a t e n a r i  an r i n g s .  

Several o f  these c lasses i n v o l v e d  going-down (GD) domains, i n  t h e  

sense o f  [?I . Both one-dimensional domains and P r i f e r  domains 

a re  GD, and such a  c o n t e x t  i s  t o  be con t ras ted  w i t h  a  Noether ian 

s e t t i n g ,  s ince  t h e  pr ime spectrum o f  any GD r i n g  i s  a  t r e e  [2J . 
Our purpose here  i s  t o  prove t h e  f o l l o w i n g  two r e s u l t s .  

THEOREM 1. I f  R i s  a  GD domain, t hen  t h e  f o l l o w i n g  c o n d i t i o n s  

a r e  equ iva len t :  

(1 )  R i s  an LFD s t r o n g  S-domain; 

(2 )  RLXJ i s  ca tena r ian ;  

(3)  R  i s  u n i v e r s a l l y  ca tenar ian.  
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TWO SUFFICIENT CONDITIONS FOR UNIVERSAL CATENARITY 863 

THEOREM 2. If R i s  a  domain o f  g loba l  d imension 2, then R 

i s  u n i v e r s a l l y  ca tena r ian  i f  (and o n l y  i f )  R i s  LFD . 
The i m p l i c a t i o n  (2)  =, (3)  i n  Theorem 1 may be viewed as a  

GD-theoret i  c  analogue o f  t h e  above-menti oned r e s u l t  o f  Rat1 i f f  on 

Noether ian r i n g s .  The spec ia l  case o f  Theorem 1 f o r  which 

dim(R) = 1  has been ob ta ined  i n  [2, C o r o l l a r y  6.31, a long  w i t h  

severa l  o t h e r  equ iva len ts .  [2, C o r o l l a r y  6.71 ob ta ined  t h e  case 

of  Theorem 1 f o r  which R i s  an LPVD, i n  t h e  sense o f  [g] . 
F i n a l l y ,  we no te  t h a t  Theorem 1 was mo t i va ted  by work o f  Hedstrom- 

Houston [x, (2.4)- (2.6) ]  on f i n i  te-dimensional  PVD1s. 

To p lace  Theorem 2 i n  perspect ive ,  no te  f i r s t  t h a t  domains 

o f  g loba l  dimension 1  a r e  Dedekind, hence u n i v e r s a l  l y  ca tena r ian  

(by any o f  t h e  t h r e e  f a m i l i a r  c r i t e r i a  noted above). Moreover, 

Noether ian domains o f  f i n i t e  g loba l  dimension a re  a1 so u n i  ver-  

s a l l y  ca tenar ian,  because they  a r e  l o c a l  1  y r e g u l a r  and hence C. M. 

( c f .  [fi, Theorem 1701). Theorem 2 i s  p l a u s i b l e  i n  v iew o f  t h e  

Vasconcelos-Greenberg ( c f .  1x1) s t r u c t u r e  theo ry  f o r  LFD quasi-  

l o c a l  domains o f  g loba l  dimension 2. Any such i s  a  p u l l b a c k  o f  

a  diagram each o f  whose v e r t i c e s  i s  u n i v e r s a l l y  ca tena r ian  (a 

f i e l d ,  a  f i n i  te-dimensional  v a l u a t i o n  r i n g ,  a  l o c a l  Noether ian 

domain o f  g loba l  d imension 2).  However, no p r o o f  o f  Theorem 2 

can h inge s o l e l y  on p u l l b a c k  cons ide ra t i ons .  Indeed, as ex- 

p l a i n e d  i n  [& Remark 6.91, t h e  examples i n  [&] l e a d  t o  a f a m i l y  

F o f  one-dimensional PVD1s such t h a t  ( i )  i f  R E F , then  

g l .  dim(R) = 3  and R i s  a  p u l l b a c k  o f  a  diagram each o f  whose 
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864 BOUVIER, DOBBS, AND FONTANA 

ve r t i ces  i s  u n i v e r s a l l y  catenar ian (two f i e l d s  and a  one-dimen- 

s iona l  va lua t ion  r i n g ) ;  and ( i i )  some, b u t  no t  a l l ,  r i ngs  i n  F 

are un i ve r sa l l y  catenarian. 

Proof of Theorem 1. (3) =, (2) =, (1) by the  above remarks (even 

w i thou t  t he  GD assumption) . As f o r  (1) =, ( 3 ) ,  a l l  t he  proper- 

t i e s  i n  quest ion are l oca l ,  and so we may assume t h a t  R i s  

quas i loca l ,  w i t h  maximal i dea l  M . Then n  = ht(M) < a ; as 

Spec(R) i s  a  t ree,  i t s  members can be depic ted as 

I f  t h e  asser t ion  f a i l s ,  [g, Theorem 6.21 assures t h a t  t he  i n t e -  

g r a l  c losure  o f  R i s  n o t  a  Pru fe r  domain. Then, by combining 

[z, Theorem 51 and 15, Coro l la ry  2.41, there e x i s t  u  i n  the  

quo t ien t  f i e l d  o f  R and d i s t i n c t  primes Po c P of R[u] such 

t h a t  Po n R = M (= P n  R) . Since R c R[u] s a t i s f i e s  going- 

down, the re  e x i s t s  a  chain o f  primes i n  Rru l  

such t h a t  Pi n R = Qi f o r  each i . Thus 

dim(R[u]) 2 ht(P)  2 n r 1 . Wri te  u  = ab-' w i t h  a, b  E R . 
Then bX - a l i e s  i n  Q , the  kernel  o f  the  s u r j e c t i v e  R-algebra 

map REX] -+ R[u] sending X t o  u  . Thus ht(Q) 2 1 and, 

s ince R[u] 2 R[X]/Q , dim(R[X]) 2 n + 2 . However, s ince R 

i s  a  s t rong S-domain, [c, Theorem 391 g ives dim(RCX1) = 

l t dim(R) = 1  t n  , t h e  des i red con t rad ic t ion .  

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
6
:
4
1
 
7
 
J
a
n
u
a
r
y
 
2
0
1
0



TWO SUFFICIENT CONDITIONS FOR UNIVERSAL CATENARITY 865 

Before prov ing Theorem 2, we record the  fo l low ing  useful 

topo log ica l  r e s u l t .  It w i l l  be convenient t o  l e t  CgX(x) denote 

t h e  c losure  o f  a  p o i n t  x  i n  a  space X . 

LEMMA. Le t  Z be a  closed subspace o f  a  topo log ica l  space X . 
Let  f: Z -t Y be an i nc l us i on  map f o r  Z viewed as a  subset o f  

another space Y . Suppose t h a t  X n Y = Z . Set S  = X uf Y . 
Let  x  E X \ Z and y  E Y \ Z such t h a t  y  E CRS(x) and 

CRX(x) n Z i s  nonempty. Then: 

Proof o f  Lemma. (b) i s  a  t r i v i a l  consequence o f  (a)  s ince 

X n ( Y  \ Z) = 0 . Moreover, (a) f o l l ows  from t h e  f ac t  t h a t ,  if 

XI i s  a  closed subspace o f  X and Y1 i s  a  closed subspace of 

Y such t h a t  (XI n Z)  u Y1 i s  c losed i n  Y , then 

Y i s  a  closed subspace o f  S  . Uf1xlnz 1  

Proof  o f  Theorem 2. Universal  ca tena r i t y  i s  a  l o ca l  proper ty  and 

g loba l  dimension does n o t  increase under l o c a l i z a t i o n .  Hence we 

may assume t h a t  R i s  quas i loca l ,  w i t h  maximal i dea l  M . With- 

ou t  l o ss  o f  gene ra l i t y  (c f .  [E, Coro l la ry  4.19]), R has a  non- 

zero prime p  = pRp such t h a t  A = R/p i s  a  r egu la r  l o c a l  Noe- 

t he r i an  two-dimensional domain, V = R p  i s  a  va lua t ion  domain, 

and ~ . d . ~ ( k )  = 1  , where k = V/p . Since A  and V a re  each 

un i ve r sa l l y  catenarian, apply ing [l, Lemma 11 t o  the  pu l lback 
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866 BOUVIER, DOBBS, AND FONTANA 

R =" Vxk A reduces our task to the following: given primes 

Ql Q2 of R[X ] , . . . ,  Xn]  such that 

find a prime P of RIX1,. . . , Xn] such that  Ql c P c Q2 and 

We may reduce to  q2 = M . For suppose that  q2 f M . Then 

R i s  a quasilocal domain, of global dimension a t  most 2 , 
42 

whose spectrum i s  a tree.  Hence R i s  a valuation domain (cf. 
92 

116, Theorem 2.21). Thus the inclusion map 

i s  local and f l a t ,  and hence faithfully f l a t .  Accordingly, the 

induced map on prime spectra i s  surjective, from which the 

existence of the required P follows easily.  

One also has the pullback description R/ql ' V/ql xk A , 

and (the valuation domain) V/ql has global dimension a t  most 

2 (cf. 116, Theorem 2.1)). In view of the above information 

about A , V and k , [E, Corollary 4.191 yields 

gl. dim(R/q,) = 2 . Replacing R by R/ql , we may therefore 

reduce to q l  = 0 . 
A final reduction: 0 f Q1 d p# = pRIXl,.  .. , X n J  . Other- 

# wise, i t  suffices to  choose P = p . 
The proof continues via the above lemma. P u t  
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TWO SUFFICIENT CONDITIONS FOR UNIVERSAL CATENARITY 867 

Z = Spec(k[X1 ,.. . , Xn]) , viewed canon ica l l y  i n s i d e  

X = spec(VIX1 , . . . , Xn]) and Y = Spec(AU1,. . . , Xn]) . Take 

x = QIV (=  (Q1)R/p) and y = Q ~ / P #  ; ev iden t l y ,  x E X \ Z 

and y E Y \ Z . We s h a l l  show next t h a t  CkX(x) n Z i s  non- 

empty; equ iva len t l y ,  t h a t  Q1 V (= Q,V[X,, . . . , Xn]) s a t i s f i e s  

# Qlv + P # VLXlY..., XnJ 

Indeed, i f  e q u a l i t y  held, then 

# fo rc ing  1 E (QIV n RIX1,..., Xn]) + p c Q 1  f p # c Q2 , the  de- 

s i r e d  con t rad ic t ion .  

Next, observe t h a t  t h e  p u l l  back desc r i p t i on  R ; Vxk A i n -  

duces R I X l  .. .. . X n l  " VIX1. .  .. . X,] xk[+ ,.., , Xnl N X 1  , . . .  , X n l  

( c f .  [l, Lema 21) . Accordingly, 

ph ic  t o  Spec(RIX1 ,. . . , Xn]) and we 

[ I ,  Theorem 1.41). Then x and y 

Q2 , respec t i ve ly ,  and so t h e  cond i t  

i s  canonical 1 y homeomor- 

i d e n t i f y  these spaces (c f .  

are i d e n t i f i e d  w i t h  Q1 and 

on "y E CkS(x)" reduces 

j u s t  t o  the hypothesis Q, c Q2 . I n  p a r t i c u l a r ,  the  lemma 

appl ies;  so, by (b), y E Cey(CRX(x) n Z)  . 
It i s  s t ra igh t fo rward  t o  v e r i f y  t h a t  CRX(x) n Z i s  the  

# # v a r i e t y  i n  Z o f  t h e  i d e a l  (Q,V + p ) /p . Moreover, s ince Z 

i s  a Noetherian space, t h i s  v a r i e t y  has on ly  f i n i t e l y  many min i -  

mal po in ts ,  say z ,,... , zm . Thus 
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868 BOUVIER, DOBBS, AND FONTANA 

t he  1  a s t  containment ho ld ing  s ince o rder - theore t i c  reasoning 

gives CaZ(z) c C!Ly(z) f o r  each z  c Z . Hence y E Cty(zj)  

f o r  some j . Viewing z as P E Z = Spec(k[X1 ,. . . , X n l )  c S 
j 

= Spec(RIX1 , . . . , Xn]) , we have P n R = p  . Next, s ince  y  

# 
i s  i n  t he  c losure  o f  z j  , P/p c ~ ~ / p #  ; t h a t  i s ,  P  c Q2 . 

# # 
F i na l l y ,  s ince z i s  i n  the  c i t e d  va r ie ty ,  (QIV + p  ) /p c 

j 

(PR\ p ) / ~ #  . whence 

complet ing t he  proof. 

REMARK. An i n t e r e s t i n g  a l t e rna te  p roo f  o f  Theorem 2  i s  ava i l ab l e  

i n  case n  = 1  . I t  does no t  appeal t o  [L] . It begins w i t h  the  

i n i t i a l  f ou r  paragraphs o f  the  e a r l i e r  p roo f  and continues as 

fol lows. 

Le t  K denote t h e  quo t ien t  f i e l d  o f  R . As Ql 1  i e s  over 

0 , Q1 = fK[X] fl R[X] f o r  some polynomial f i n  R [ X ]  which i s  ir- 

reduc ib le  i n  K[X] . Viewing matters over V , we may assume 

t h a t  some c o e f f i c i e n t  o f  f i s  1  , whence 

t he  l a s t  e q u a l i t y  v i a  [g, Coro l la ry  34.91 . 
% 

Now se t  Ql = (Q1 + pX)/P# , viewed as an i dea l  of 
't 

R [ X ] / ~ #  A[X] . We c l a im  gradeALXl(Ql) = 1  . To see t h i s ,  
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TWO SUFFICIENT CONDITIONS FOR UNIVERSAL CATENARITY 869 

# consider elements Gi = Gi + p  E 8 (w i t h  G.  6 Q1 f o r  1  1 

i = 1,2) . Choose gi E R[X] and ci E R \ p  such t h a t  
- - 

Gi = fgici l  . Since F$l€l = g1c2E2 , i t  w i l l  f o l l o w  t h a t  

{El, c2} i s  no t  a  r egu la r  sequence. To see t h i s ,  we o f f e r  an 

i n d i r e c t  proof. Suppose , € 1  is regular .  Then 
-- 
g2c1 = E2H fo r  some s u i t a b l e  H  E R[X] , and so 

-- 
g2c1c2 =-= f gf CC;' A q = q f A .  

- 
By the  supposed r e g u l a r i t y  , G2 # 6 , whence 92 # i3 and cancel- 

- - 
l a t i o n  leads t o  c1c2 = fH , a  nonzero constant. Thus, by com- 

# par ing degrees, deg(7) = 0 ; t h a t  i s ,  f E R + p  . As we have 

seen t h a t  some coe f f i c ien t  o f  f i s  a  u n i t  i n  V , i t  fo l lows  

t h a t  t he  constant  coe f f i c ien t ,  say r , o f  f l i e s  i n  R \ p  . 
Then 

whence r"f E KIXI f  n R[X]  = Q1, so t h a t  1  E Q1 + XpR[X] c Q2, 

t he  des i red con t rad ic t ion .  This proves t he  claim. 

Now, s ince A  i s  r egu la r  l o c a l ,  t he  c l ass i ca l  unmixedness 

theorem ob ta ins  i n  A[X] ( c f .  [u, Theorem 31]), and so 
% 'b # rank (Q1 ) = 1  (cf. [TI-. Theorem 1361) . Hence Q2 = Q2/p must 

2, 2, 
con ta in  a  he ight  1  prime Q = which i s  minimal over Ql. 

C lea r l y  Q1 c Q c Q2 . 
% 2, 

If Q i s  n o t  extended from A , then Q n A = 0 , i n  which 

case Q n R = p  , so t h a t  choosing P = Q su f f i ces .  It remains 
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870 BOUVIER, DOBBS, AND FONTANA 

'L 

on ly  t o  t r e a t  the  case o f  extended Q = ( q l p )  A[x] , where 

q E Spec(R) p roper l y  conta ins p . I n  f a c t ,  given t he  above re -  

duct ions, t h i s  case cannot a r i se .  To see t h i s ,  i t  w i l l  suf f ice 

t o  show t h a t  Rq i s  a va lua t ion  domain, f o r  then 

Q1 Rq c ( q  R )R [ X I  would lead  v i a  [lJ, Theorem 681 t o  QIRq = 0, 
4 4 

I+ = 0 c p# , t h e  des i red con t rad ic t ion .  To see t h a t  R j~- 9 
'L 

va luat ion,  note f i r s t  t h a t  h t (q /p )  5 h t ( Q )  ; then R i s  a 
4 

quas i loca l  domain w i t h  t reed  spectrum and g lobal  dimension a t  

most 2 , whence another appeal t o  [E, Theorem 2.21 completes 

the  proof .  
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