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Esercizio 1.

(a) Sappiamo che è Cov(X, Y ) = E((X −E(X))(Y −E(Y ))) = E(XY )−E(X)E(Y ).
Calcoliamo quindi le distribuzioni marginali di X e Y . Riscriviamo la densità
congiunta:

fX,Y (x, y) = 2 · 1(0,y)(x)1(0,1)(y) = 2 · 1(0,1)(x)1(x,1)(y).

Si ha:

fX(x) =

∫ +∞

−∞
2 · 1(0,1)(x)1(x,1)(y) dy =

∫ 1

x

2 · 1(0,1)(x) dy = (2 − 2x)1(0,1)(x)

fY (y) =

∫ +∞

−∞
2 · 1(0,y)(x)1(0,1)(y) dx =

∫ y

0

2 · 1(0,1)(y) dx = 2y1(0,1)(y)

E(X) =

∫ 1

0

x(2 − 2x) dx =
1

3

E(Y ) =

∫ 1

0

2y2 dy =
2

3

Cov(X, Y ) =

∫ 1

0

dy

∫ y

0

dx 2
(
x − 1

3

)(
y − 2

3

)
=

1

36

(b)

fY |X(y|x) =
fX,Y (x, y)

fX(x)
=

2 · 1(0,1)(x)1(x,1)(y)

(2 − 2x)1(0,1)(x)
=

1

1 − x
1(x,1)(y)

Esercizio 2. Sappiamo che:

fY (y) =
e−λλy

y!
1{0,1,... }(y)

fX|Y (x|y) =

{ (
y
x

)
px(1 − p)y−x

1{0,1,...,y}(x) se y > 0
1{0}(x) se y = 0

fX,Y (x, y) = e−λ
1{0}(x)1{0}(y) +

e−λλy

y!

(
y

x

)
px(1 − p)y−x

1{1,2,... }(y)1{0,1,...,y}(x) =

= e−λ
1{0}(x)1{0}(y) +

e−λλy

y!

(
y

x

)
px(1 − p)y−x

1{0,1,... }(x)1{x,... }(y)1{y 6=0}

1



fX(x) =
+∞∑
y=0

fX,Y (x, y) = e−λ
1{0}(x) +

+∞∑
y=1

e−λλy

y!

(
y

x

)
px(1 − p)y−x

1{0,... }(x)1{x,... }(y) =

= e−λ
1{0}(x) +

+∞∑
y=1

e−λλy

y!

y!

x!(y − x)!
px(1 − p)y−x

1{0}(x)1{1,... }(y)+

+
+∞∑
y=1

e−λλy

y!

y!

x!(y − x)!
px(1 − p)y−x

1{1,... }(x)1{x,... }(y) =

=
+∞∑
y=0

e−λλy

y!
(1 − p)y

1{0}(x) +
+∞∑
y=x

e−λλy

x!(y − x)!
px(1 − p)y−x

1{1,... }(x) =

=
+∞∑
y=0

e−λ(λ(1 − p))y

y!

e−λ(1−p)

e−λ(1−p)
1{0}(x) +

e−λpx

x!
1{1,... }(x)

+∞∑
k=0

λk+x(1 − p)k

k!
=

= e−λp
1{0}(x) +

e−λ(λp)x

x!
1{1,... }(x)

+∞∑
k=0

(λ(1 − p))k

k!

e−λ(1−p)

e−λ(1−p)
=

= e−λp
1{0}(x) +

e−λp(λp)x

x!
1{1,... }(x) =

e−λp(λp)x

x!
1{0,1,... }(x) ∼ Po(λp)

Esercizio 3. Siano

X1 =

{
1 1

2

0 1
2

X2 =

{
1 1

2

0 1
2

X3 =

{
1 1

2

0 1
2

le tre monete (1 indica la realizzazione di una “testa” e 0 indica la realizzazione di una
“croce”) e definiamo

X = X1 + X2 Y = 2 − X2 − X3

Calcoliamo le marginali:

P(X = 0) = P(X1 + X2 = 0) =
2∑

i=0

P(X1 + X2 = 0|X2 = i)P(X2 = i) =

= P(X1 = 0)P(X2 = 0) =
1

2

1

2
=

1

4

P(X = 1) = P(X1 + X2 = 1) =
2∑

i=0

P(X1 + X2 = 1|X2 = i)P(X2 = i) =

= P(X1 = 1)P(X2 = 0) + P(X1 = 0)P(X2 = 1) =
1

2

1

2
+

1

2

1

2
=

1

2

P(X = 2) = P(X1 = 1)P(X2 = 1) =
1

4

P(Y = 0) = P(2 − X2 − X3 = 0) = P(X2 = 1)P(X3 = 1) =
1

2

1

2
=

1

4

P(Y = 1) =
1

2
P(Y = 2) =

1

4

2



P(X = 0, Y = 0) =
2∑

i=0

P(X1 + X2 = 0, 2 − X2 − X3 = 0|X2 = i)P(X2 = i) =

= P(X1 = 0, 2 − X3 = 0)P(X2 = 0)+

+ P(X1 + 1 = 0, 1 − X3 = 0)P(X2 = 1)+

+ P(X1 + 2 = 0,−X3 = 0)P(X2 = 2) = 0

P(X = 0, Y = 1) = P(X1 = 0, X3 = 1)P(X2 = 0) =
1

2

1

2

1

2
=

1

8

P(X = 0, Y = 2) = P(X1 = 0, X3 = 1)P(X2 = 0) =
1

2

1

2

1

2
=

1

8

P(X = 1, Y = 0) =
1

8
P(X = 1, Y = 1) =

1

4
P(X = 1, Y = 2) =

1

8

P(X = 2, Y = 0) =
1

8
P(X = 2, Y = 1) =

1

8
P(X = 2, Y = 2) = 0

P(Y = 0|X = 1) =
P(Y = 0, X = 1)

P(X = 1)
=

1
8
1
2

=
1

4

P(Y = 1|X = 1) =
P(Y = 1, X = 1)

P(X = 1)
=

1
4
1
2

=
1

2

P(Y = 2|X = 1) =
P(Y = 2, X = 1)

P(X = 1)
=

1
8
1
2

=
1

4

E(X) =
1

2
+

1

2
= 1 E(Y ) = 1

Cov(X, Y ) = E(XY ) − 1 =
1

4
+ 2

1

8
+ 2

1

8
− 1 = −1

4

3


