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INTRODUCTION

A prime number is an integer number that it is evenly divisible only by itself
and 1. Since ancient times, people have been interested in the properties
of this kind of numbers and have tried to find out how they work and how
to determine whether a number is prime or not. Fuclid, for example, has
proved that these numbers are infinite and Gauss stated the the problem of
distinguishing prime numbers from composite ones and factorising composite
numbers is one of the most important and useful problems in arithmetic.
Besides the fascination they have, prime numbers are also of fundamental
importance in mathematics in general, and cryptography in particular: in
fact some crypto-systems are based on prime numbers. So it is of great
interest to study their different properties, specially those properties that
allow one to efficiently determine if a number is prime.

The definition of prime numbers already gives a way of determining if a
number n is prime: try dividing n by every number m < \/n, if any m
divides n then it is composite, otherwise it is prime. This test is inefficient:
it takes Q(y/n) steps to determine if n is prime.

An efficient test should need only a polynomial (in the size of the input equal
to [logn]) number of steps.

In this thesis we analyse four efficient deterministic primality tests and a
probabilistic one.

The first deterministic algorithm determining whether an input number n is
prime or composite and working in polynomial time, is the AKS-Algorithm.
This primality test has been created by two young student, together with
their professor, in August 2002. The authors of this algorithm sent an article
titled PRIMES is in P to some experts that immediately appreciated it for
its correctness, elegance and simplicity. This article can be found at the
following address:

http: //www.cse.iitk.ac.in/news/primality.html.

The greatness of this algorithm is not only the fact that it solves one of the
oldest problems, but is also the fact that it does not use unproved results
and that everybody can easily understand it.

In the first chapter of this thesis we deal with this algorithm an we analyse
its complexity time that is 15(10g12 n). We also give some conjectures that,



if proved, would lead the complexity time to 5(10g6 n); unfortunately we do
not know whether they are true or not.

In the second chapter we deal with a version of the AKS algorithm with an
improvement suggested by Lenstra thanks to which the complexity time is

J(log?"? n).
In the third chapter we analyse Berrizbeitia’s algorithm, that works only for
a large family of numbers, namely n = 1 (mod 4) and n = —1 (mod 4). In

the first case the algorithm runs, in the worst case, at least 2! times faster
than the best possible running time for the AKS algorithm. For the case
n = —1 (mod 4) we get the same result using 2° instead of 2!1.

In the forth chapter, which is the most important of the thesis, we present
an algorithm created by Lenstra and Pomerance and whose complexity time
is 9(log®n). This complexity is not achieved by proving the conjectures of
the AKS algorithm.

Finally, in the last chapter, we give a sketch of Bernstein’s algorithm that,
differently from the others, is not deterministic but probabilistic: that is, if n
is composite, the output is COMPOSITE, but if n is prime, the probability
that the output is PRIME is at least 1/2. However, since each run of the
algorithm is independent, after k£ runs the probability that we have not yet
distinguished if whether n is prime or composite is < 1/2% which is negligible
for large k’s.



Chapter 1

THE AKS-ALGORITHM

In this chapter we are going to analyse the AKS-algorithm: a determinis-
tic polynomial-time algorithm that determines whether an input number is
prime or composite.

1.1 The idea

The test is based on the following theorem:

Theorem 1.1.1. Let a,p € Z such that ged(a,p) = 1. Then p is prime if

and only if
(x —a)’ = (2 —a) (mod p). (1.1)

Proof. We know that

(z —a)f = zp: <JZ) (—a)P~iz.

=0

(=) If p is prime, for 0 < i < p, we have (}) = 0 (mod p) and, therefore,
the coefficient of 2%, for 0 < i < p, is 0. The coefficient of 2P is (g)(—a)o =1.
Moreover, from Fermat’s Little Theorem, we have that (—a)?~! =1 (mod p)
therefore the coefficient of 2° is (})(—a)? = —a (mod p).

(<) If p is composite: let’s consider ¢ a factor of p, and let ¢* || p, that
means p = ¢"m with ged(¢,m) =1 and k > 1.

Then,
(p> _plp=1--p=(@=2)p-(¢=1) _
q q!
_ mg*(mg* — 1) (mg* — (¢ = 2))(mq* — (¢ — 1))
q!



which, dividing both numerator and denominator by g, is equal to

mq" 1t (mg® —1)--- (mg" — (¢ — 2))(mq" — (¢ — 1))
(g —1)!

since ¢ 1 (mg* —1),...,(mg* — (¢ — 2))(mg* — (¢ — 1)) we have that

)
()

Since ged(a,p) = 1, we have ged(p,aP~?) = 1. Then the coefficient of z¢ in
(z—a)P, given by (—a)P™¢ (Z), is not zero modulo p, while it is zero in 2P —a .
So we have that (z —a)? — (2P —a) cannot be identically null on (Z/pZ). W

This theorem suggests a simple test of primality: given an input p, choose
an a and test whether the congruence (1.1) is satisfied. This test is inefficient
since it takes time 2(p) because it evaluates p coefficients in the worst case.
A simple way to reduce the number of coefficients is to evaluate both sides
of (1.1) modulo a polynomial of the form 2" — 1 for an appropriately chosen
small . In other words, we could test if the following equation is satisfied:

(x—a)’ = (2P —a) (mod z" —1,p). (1.2)

The idea is to verify this congruence for a few values of a. From Theorem
1.1 we know that all primes satisfy the equation (1.2). The problem now is
that also some composites p satisfy the equation for a few values of a and
r. However we show that for appropriately chosen r if the equation (1.2) is
satisfied for several a's then p must be a prime power.

The number of a’s and the appropriate r are both bounded by a polynomial
in [logn] and therefore, we get a deterministic polynomial time algorithm
for testing primality.

The congruence (1.2) takes 9¥(r?log®p) time, using the successive square
method to calculate the powers. The algorithm chooses an appropriate r,
that is an 7 whose order is ¥(log® p), such that there exists a constant § > 0
such that a prime factor of r — 1 is at least T%—HS; Etienne Fouvry, R.C.Baker
and G.Harmann showed, in [18,19], that this r exists. After this, the algo-
rithm verifies the congruence (1.2) for a “small”(¢(y/7 log p)) number of a's.
We are going to show that this algorithm determines whether p is prime or
not.



1.2 Algebraic preliminaries

In this section we state some algebraic results that will be used in the later
proofs.

Proposition 1.2.1. If p is prime and h(z) is a polynomial of degree d irre-
ducible in Fp, then Fp/(h(x)) is a finite field of order p.

" —1
r—1

Since now h(z) will be a factor of and the logarithms will be to

base 2.

Proposition 1.2.2. Let F be a field. The polynomial z* — 1 divides the
polynomial x™ — 1 if and only if d divides n.

Proof. (<) If d | n, then, assuming n = dm, we have
g — 1=z 1= (2% - 1) (Y 4 42?4 1).

Therefore 2% — 1 | 2" — 1 in F.
(=) If n=gqd +r, in Flz] we have

(2" —1) = 2297 —1
= %" — 1
=@ - 1a"+2" -1
= (z9-1)(z%Vp. . 4adi1)an 1l gned
= (29=1) (" a2 W) (g,

So, if % — 1 | 2™ — 1, it has to be 2"~ — 1 = 0, which implies n — gd = 0
and gd = n. Consequently we have d | n. [ |

Lemma 1.2.1. Let p and r be prime such that p # r,

1. The multiplicative group of any field Fpe for t > 0, denoted by F;t 18
cyclic.

2. Let f(x) be a polynomial with integral coefficients. Then

f(@)P = f(«¥)  (mod p)

3. Let h(z) be any factor of x" — 1. Let m = m, (mod r). Then

2™ =2™  (mod h(x))



4. Let or(p) be the order of p modulo r. Then, in Fy, % factorises into
irreducible polynomials, each of degree o,(p)

Proof. 1. In order to show that F;t is cyclic we need to find an element
g€ F;t such that {g,4?,... LGP = 1} = F;t.
Let p' = q and suppose g > 3, otherwise we have a trivial matter, and
let’s write ¢ — 1 = p{* -+ p%m. For each i = 1,...,m let’s consider
quzl —1 € Fy[x]. There exists an a; € F; that is not a root of quzl -1,
since this polynomial cannot have more than qp;il distinct roots in Fy.
g—1

Let b; = aipi " and g =biby---b,,. We want to show that:

(a) ord(bi)= p;"
(b) ord(g)=¢q—1

Then:
. a1\ PP
(a) b = a = agfl which is equal to 1 since the order of

any element of Fy; divides g—1. Consequently we have that ord(b;)|

a;—1

)

P If ord(bi)< p, then b = ) ) =a;" =1, but

q—1

this is impossible since a; is not a root of z »i — 1.

b) We need to show that g = b1bs ... b, is a generator. Let’s suppose
(b) g g pp
that ord(g)< g — 1, then ord(g)| ¢ — 1 implies that ord(g)| qp_—il for

somet=1,...,m.
g=1 q—1

-1
So we have ngT =0,"" -+ by =1. On the other hand, for any
index 7 # j, the integer p?j = ord(b;) divides q;—il.

q—1 q—1
Therefore, ;" = 1for any j # i which means that b," = 1since
a—1 q—=1 g—1
b,” ---b" ---by" =1; but this is impossible since, in this case,

pio‘i, which is the period of b;, should divide qp;il'

2. Let’s consider f(z) = ag+ai1x+. . .+agr?. We know that the coefficient
of z¥ in f(x)P is

. . |
S P S
0 d gl ig)
to+...+ig=p
i14+2i0+...+dig=1i

There are two cases:



(a) ix < p forany k=0,...,d. In this case we have

p!

il

=0 d
il ig! (mod p)

(b) There exists j such that i; = p and, therefore, i, = 0 for any
k # j. In this case we have, from 0ig + 141 + ... + dig = 1, that

i=i;-j=pj

Therefore the coefficient of z'(= zP7) is a? and, from Fermat’s
Little Theorem, we have

ai =a; (mod p).
Thus from these two cases we obtain that:

f(2)? = agzP? + ayzPt + ...+ agzP? = f(zP) (mod p).

. We know that m = m, (mod r) which means m = kr + m,. Now,

' =1 (modz" —1)

=2 =1 (modz" —1)
= ghrme — ghrgme = gmr (mod 2" — 1)
=™ =2"" (mod h(z)).
. Let d = 0,(p) and let’s suppose that ”;T:ll has an irreducible factor, h(x)
in [, of degree k. Now Fz]/h(z) forms a field of size p*. Let’s denote
g(x) the generator of the cyclic multiplicative subgroup (Fjz]/h(x))*.
We have:

g(z)P = g(aP) (mod p) [by fact 2 of the previous lemmal]
g(x)? = g(z) (mod p, h(z))

= g(z)?" = g(a?") (mod p,h(z))  [by induction]

We are going to prove the induction.

Let g(@)"" = g(@”) (mod p,h(z)) (k> 1).

Then,



(@) (mod p, h(x))

= (g(«""))"  (mod p, h(x
(( (

(

)

)) |by the inductive hypothesis]
xp)il’k) (mod p, h(z)) [by fact 2]
) (mod p, h(z)).

k+1
P

It follows that

Since the order of g(z) is (p* — 1), we have that (p¥ — 1) | (p¢ — 1),
which implies & | d.
On the other hand we also have that h(z) | (z" — 1) in Fp, and, then,
in the field F,[z]/h(z) we have 2" = 1 (mod p, h(z)). It follows that
the order of x in the field must be r (since r is prime and = # 1).
Consequently, 7 | (p¥—1), that is p* = 1 (mod r), and, therefore, d | k.
Then k = d = o,(p), which implies the Lemma.

]

In addition to the above algebraic facts, we will need the following two
number theoretic facts.

Lemma 1.2.2. [18,19] Let P(n) denote the greatest prime divisor of n.
There exist constants ¢ > 0 and ng such that, for oll x > ng

T

Hp | pis prime,p <z and P(p—1) >x%}‘ >c
log =

The above lemma is, in fact, known to hold for exponents up to 0.6683.
Lemma 1.2.3. [20] Let w(n) be the number of primes < n. Then forn > 1:

n 8n
<m(n) < .
6logn logn

10



1.3 The AKS Algorithms

AKS ALGORITHM

Input: integer n > 1.
1. if (n is of the form a’, b> 1) output COMPOSITE;
2. r=2
3. while (r <n){
4. if (ged(n,r) # 1) output COMPOSITE;
5. if (r is prime)
6. let g be the largest prime factor of r—1;
7. if (¢ > 4+/rlogn) and (anl # 1 mod(r))
8. break;
9. r  r+1;
10. 1}
11. for a=1 to 2y/rlogn
12. if ((x —a)" # (2" —a) (mod 2" — 1,n)) output COMPOSITE;
13. output PRIME;

Theorem 1.3.1. The algorithm above returns PRIME if and only if n is
prime.

We are going to prove this theorem through a sequence of lemmas. First
note that the algorithm has two loops. The first one, which is a while loop,
tries to find a prime r such that » — 1 has a large prime factor ¢ > 4./rlogn

r—1
such that n ¢« # 1 (mod ), which implies that ¢ | o,(n). Let us first bound
the number of iterations of this loop.

Theorem 1.3.2. There exist positive constants c1 and ca for which there is
a prime r in the interval [c1(logn)®, ca(logn)®] such that r — 1 has a prime
factor ¢ > 4/rlogn and q | o.(n)

Proof. Let ¢ and P(n) be as given in Lemma 1.2.2. Then the number of
prime 7’s (called special primes) between c;(logn)® and cz(logn)® such that
P(r—1) > (ca(log n)G)% > s is, for a large enough n,

> # special primes in [1,..., co(logn)8] — # of primes in [1,...,c;(logn)%].

Using lemma 1.2.2, with z = ca(logn)%, and lemma 1.2.3, with n = ¢1(logn)®,
we have that this number is

11



cea(logn)® 8c1(logn)®
= log(ca(logn)®)  log(c1(log n)®)
cca(logn)® 8c1(logn)®
= (logcy + 6loglogn)  (logci + 6loglogn)
S e (logn)© _ 8ci(log n)b
~ Tloglogn 6loglogn

_ (logn)® <ccQ B 801>

~ loglogn

7 6

Let us choose the constants ¢; > 4% and ¢, such that the quantity in braces,
called c3, is positive. Let © = cz(logn)®. We are going to prove that among
these primes r there exists at least one such that ¢ = P(r — 1) verifies the
conditions ¢ > 4y/rlogn and q | o,(n).

Since ¢ > r3 =rirs > V(4% (log n)6)% = 4y/rlogn, the first condition is
satisfied.

In order to verify the second condition, let’s consider the following product:

[[=0-Dm-2- @ -1

We have z = co(logn)b, since z > ¢ > 25 and r — 1 < x, the exponent
i
(r—1)/qisin [1, ;U%} This product has 23 factors less than n®? | each with
no more than x%(log n) prime factors; this implies that the product doesn’t
have more than x5 logn prime factors. In fact, v2(n) = ¥(logn). Since
c3(l 6

3 logn < 30087
loglogn
there exists at least a special prime r, that doesn’t divide the product [], for

which the second condition is verified. In fact, op(n) | (r—1) = (r—1) =

koy(n) and g | (r — 1) implies that either ¢ | k or ¢ | or(n), but, from
(r-1)
n ¢ # 1 (mod ), we have that ¢ | o,(n). This is the searched 7. |

Once we know that the while loop halts, we are ready to show the
following:

Lemma 1.3.1. If n is prime, the algorithm returns PRIME.

Proof. The while loop cannot return COMPOSITE since ged(n,r) = 1 for
all 7 < ca2(logn)b, where ¢y is as in Lemma 1.2.2. By Lemma 1.2.1 (fact
2), supposing f(z) = (x — a) and p = n, we have that (z —a)"” = (2" — a)
(mod n) which implies that the for loop cannot return COMPOSITE (in
step 12, however, the condition should be verified also modulo z" — 1, but

12



actually this reduces the polynomials in (Z/nZ)[x] and, therefore, it doesn’t
change the validity of the congruence. Thus, the algorithm will identify n as
PRIME. |

Now let’s turn our attention to the case where n is composite.

If n is of the form a® with b > 1 or if in step 4 the algorithm finds a factor of n,
then the output is COMPOSITE. Let’s suppose that it doesn’t happen and
the algorithm starts the for loop after finding the prime r with the while
loop. Since n is composite let’s call p;, with 1 < ¢ < k, its prime factors.
Obviously n‘emifer(ei)} = 1 (mod r) which implies that o.(n) | lemi{o.(pi)}
and hence there exists a prime factor p of n such that, since q | o.(n), we
have ¢ | o,(p), where ¢ is the largest prime factor of r — 1.

The for loop uses the value of r obtained to do polynomial computations on
I = 2y/rlogn binomials: (z —a) for 1 < a <I. By Lemma 1.2.1 (fact 4) we
know that there exists a polynomial h(x), irreducible factor in F, of 31117
of degree d = o,(p). Note that

(r—a)"= (2" —a) (modz"—1,n)

implies that
(r—a)"= (2" —a) (mod h(x),p)

So the identity for each binomial holds in the field F,[z]/(h(z)). The set of
[ binomials form a large cyclic group in this field:

Lemma 1.3.2. In the field F,[x]/(h(x)), the group generated by the I bino-
mials: (x —a),1 < a <1 that is

G={ H (x —a)®|ag, >0,V1 <a<l}
1<a<l

l
1s cyclic and of size > (Cll) .

Proof. Tt is clear that G is a group and, since it is a subgroup of the cyclic
group (Fp[z]/(h(z)))*, it is also cyclic. Now consider the set

S={J] @-a)*| Y au<d-1,0,>0¥1<a<l}

1<a<l 1<a<l

All the elements of S are distinct in Fpz]/(h(x)): as a matter of fact, the
while loop ensures that once it halts the final r is such that » > ¢ >
4y/rlogn > 1. Also step 4 of the algorithm checks ged of r and n. If
any of the a’s are congruent modulo p, then p < I < r and thus step 4
of the algorithm identifies n as COMPOSITE. Thus none of the a’s are
congruent modulo p. This implies that all elements of S are distinct in the
field Fp[z]/(h(x)) since degree of any element of S is less than d which is the
degree of h(z). The size of S is equal to the possibilities we have to choose

13



the ag. The sum of the a, can be equal to 0,1,...,d — 1; an integer k can
be obtained as sum of [ non negative integers in (kﬁzl) different ways, so

we have #S5 =

S () e (o)

k=0

Since S is just a subset of G we get the result. |

Since ¢ | o,(p) = d and ¢ > 4/rlogn we have d > 4,/rlogn, that is
d > 2l or, equally, %l > 2. Therefore the size of G is greater than 2! which,
since | = 2y/rlogn, is equal to V7.
Let g(x) be a generator of G. Clearly, order of g(z) in Fp[xz]/(h(z)) is > n?V".
We now define a set related to g(z) which will play an important role in the
remaining arguments. Let

Iy@y = {m|g(z)" = g(«™) (mod 2" —1,p)}.
Now we prove two important properties of Iy,
Lemma 1.3.3. The set 1y is closed under multiplication.

Proof. Let my,mgy € Iy(z)- So
g(x)™ = g(z™) (mod z" —1,p)

and
g(x)"™ =g(2™*) (mod z" —1,p).
Also we have, by substituting ™! in place of z in the second congruence:
g(x™)m = g(2™™2)  (mod z™" — 1,p)
= g(@™)™ = g(z™™) (mod 2" — 1,p)

[since z" — 1 | 2™ — 1]

From these, we get

g(z)™™ = (g(x)™)™  (mod z" —1,p)
=g(z™)™  (mod z" — 1,p)
= g(z™"2) (mod z" — 1,p).
Hence mimg € Ig(x). [ |

The second property of Iy, that plays a crucial role in our proof is:

Lemma 1.3.4. Let the order of g(x) in Fpy[z]/(h(x)) be o4 and let mq,mo €

Iy)- Then my =mga (mod r) implies that m1 = ma (mod o).

14



Proof. Since m; = mg (mod r), we have mg = kr + m; for some k > 0.
Since mg € Iy(,) we have:

ma2

g(x)™ = g(2™?) (mod z" — 1,p)
= g(x)"™ = g(2™)  (mod h(z),p)
kr4+m

= g(z)
= g(x)* g(x)™

™) [by Lemma 1.2.1,fact 3]

(
(
(xk”rml) (mod h(z),p)
(
()™ (mod h(x),p).

Il
Qe e . 9

= g(x)*g(a)™

Now g(z) # 0 implies that g(x)™ # 0 and, hence, we can cancel g(x)™!
from both sides, leaving us with

g(@)"" =1 (mod h(),p).
Therefore,

kr=0 (mod oy)

= my =my (mod o)
]

The above property implies that there are "few" (< r) numbers in I,
that are less than og.
Now we are ready to prove the most important property of our algorithm:

Lemma 1.3.5. If n is composite, the algorithm returns COMPOSITE.

Proof. Suppose that the algorithm returns PRIME instead. Thus, the for
loop ensures that for all 1 < a < 2y/rlogn we have,

(r—a)"= (2" —a) (modz"—1,p) (1.3)

Notice that g(x) is just a product of powers of [ binomials, (1 < a <), all
of which satisfy equation (1.3). Then,

g(@)" = g(2") (mod z" —1,p)

Therefore, n € Iy,. Also, p € Iy(,), by Lemma 1.2.1 (fact 2), and, trivially,
1 € Iy(). We will now show that the set /) has more than 7 number that
are less than o,4, contradicting Lemma 1.3.4.

Consider the set

E={np|0<ij<|Vr]}.
By Lemma 1.3.3, E C I ;). Since |E| = (1 + [{/r])* > r, there are two
elements np’t and n2p’? in E with i; # ip or ji # jo such that ni1pit =

15



ni2pi2 (mod r) by pigeon-hole principle. But then by Lemma 1.3.4 we have
niipit = p2p2 (mod o,). This implies that

pitTiz = pi2=it (mod og)

Since o4 > n2V7 and nli—i2l plii=i2l < pv7 the above congruence turns
into an equality. Since p is prime, this equality implies that n = p¥ for
some k > 1. However, in step 1 of the algorithm, composite numbers of
the form p* for k > 2 are already detected. Therefore, n = p, but this is
a contradiction since, by hypothesis, n is composite. Thus, the for loop of
the algorithm returns COMPOSITE. |

This completes the proof of the Theorem 1.3.1.

1.4 Time Complexity Analysis

It is straightforward to calculate the time complexity of the algorithm.

Theorem 1.4.1. The asymptotic time complexity of the algorithm is J(log'?n),
where Y(f(n)) = I(f(n)poly(log f(n))).

Proof. e The first step of the algorithm verifies whe?her n is of the form
a’ for some b > 1 that means calculating if |n®|® = n for some b
3 .
in the interval [2,logn]. This requires J(log nlloogg:) = 9(log®n) bit
operations.

e As noted in Theorem 1.3.2, the while loop makes r = ¥(log® n) itera-
tions. Let’s now measure the work done in one iteration of the while
loop.

The first step calculates ged(n,r) and takes poly(loglogr) asymptotic
time if the ged is calculated by using the Euclidean Algorithm. The
next two steps, determining whether r is prime and finding ¢ (the
greatest prime factor of r — 1), would take at most r%poly(log logn)
time in the brute-force implementation.

It takes at most poly(loglogn), by using the repeated-squares method,

r—1
to verify if n @« #1 (mod r).
Thus, total asymptotic time taken by the while loop is: J(log® nr%) =
J(log” n)

e The for loop verifies the condition (z —a)” = z™ —a (mod z" —1,n)
for some a’s. This is the crucial step of the algorithm, but, unluckily,
it is also the step that takes the most time. If repeated-squares is used,
then one iteration of this for loop takes J(logn - rlogn). The number

of iterations of this loop is 19(7“% logn) = ¥(log* n). Thus, the for loop
takes asymptotic time 19(7“% log®n) = 9(log"? n).
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Thus, the for loop requires the most time and, therefore, the asymptotic
time complexity of the AKS algorithm is 9(log'? n). |

1.5 Improving Time Complexity

Nevertheless, in practice, the algorithm is much faster. In fact, it is possible
to prove that many positive primes r are such that P(r — 1) > r3, but it is
believed that the number of primes r such that P(r — 1) = 5 is infinite.
Definition 1.5.1. If both r and ’";1 are primes, then % s a Sophie Ger-
main Prime. We will call such v’s co-Sophie German Primes.

The following conjecture gives the density of Sophie German Primes.
This conjecture has been verified for r < 10'0.

Conjecture 1.5.1. (Sophie-German Prime Density) [21| The number
of co-Sophie German Primes <  is asymptotic to —2&— where D is a constant

log?
(estimated to be approximately 0.6601618...).

If this conjecture is true, then the while loop exits a "suitable" r in
?¥(log? n):

Lemma 1.5.1. Assuming the conjecture 1.5.1, there exists "suitable” r in
the range [64 log? n, ¢5 log? n] for all n > ng, where ng and ca are positive
constants.

T

Proof. First of all note that if both r» and ¢ = %1 are prime, then the only
possible orders of n modulo 7 are {1,2,¢,2¢ = r — 1}. But the order of n
modulo 7 can be 1 or 2 for at most 2logn primes 7, since (n? —1) has at most
log(n? — 1) prime factors. Let’s leave aside these prime factors of (n? — 1)
and consider the other co-Sophie German Primes r for which the order of n
modulo 7 is at least % We would now like that

-1
T>TT24\/?logn

= r > 8y/rlogn
= /r > 8logn
= r > 64log? n.

Hence we consider the range [64 log? n, ¢; log? n] and we show that choosing
c2 large enough, we find at least one desired r in this range. By the conjecture

2
1.5.1 there are —5¢21%" % _ ¢, Sophie German Primes less than ¢; log? n. Out
log*® (64 log” n)
D641log? n
log? (64 log? n)
From the remaining ones, there are at most 2logn primes for which order of

of these, at most are less than 64 log? n (again by the conjecture).
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n modulo r is 1 or 2.
Thus we will choose c9 such that

Deylog?n D64log?n
log®(calog?n) ~ log?(64log?n)

+ 2logn

colog?n 1001og® n

for 1 h
(loglogn)? > (Toglog n)? [for large enough n|

or, cg > 100 [for large enough n|.

This immediately leads us to a heuristic time complexity of @(r% (logn)?)
for the while loop and of ﬁ(r%(log n)3) for the for loop. Therefore, if the
conjecture 1.5.1 holds, the time complexity for our algorithm is 9(log® n).
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Chapter 2

AKS-Algorithm with Lenstra’s
variant

The algorithm we are now presenting is a slight variant of the AKS algorithm,
made by Lenstra, whose time complexity is ¥(log?"/? n).

2.1 Preliminaries

In this section we will use the notation f(z) = g(z) (mod h(x),n) to repre-
sent the equation f(x) = ¢g(z) in the ring (Z/nZ)[z]/(h(z)).

We will use log for base 2 logarithms, and In for natural logarithms.

For r € N, o(r) is Euler’s totient function giving the number of numbers less
than 7 that are relatively prime to r. It is easy to see that o,(a) | ¢(r) for
any a such that ged(a,r) = 1.

2.2 The Idea

This algorithm is a primality test based on the following identity for prime
numbers which is a generalization of Fermat’s Little Theorem:

Lemma 2.2.1. Leta € Z,n € N, n > 2 and ged(a,n) = 1. Then n is prime
if and only if
(x+a)"=2"+a (modn). (2.1)

Proof. See proof of Theorem 1.1.1. [ |

As for the previous algorithm, the above identity suggests a simple test
for primality: given an input n, choose an a and test whether the congruence
(2.1) is satisfied. However, this takes time §2(n) because we need to evaluate
n coefficients in the worst case.

Therefore, like in the case of the AKS algorithm, we can reduce the number
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of coefficients evaluating both sides of the congruence modulo 2™ — 1 for a
chosen small r, which means test if the following equation is satisfied:

(r4+a)"=2"+a (modz" —1,n). (2.2)

We know that all primes n satisfy equation (2.2) for all values of a and r.
The problem now is that, just like the case of the previous section, some
composites n may also satisfy the equation for a few values of a and r (and
indeed they do). However we show that for appropriately chosen r if the
equation (2.2) is satisfied for several a’s then n must be a prime power.
The number of a’s and the appropriate r are both bounded by a polynomial
in [logn] and therefore, we get a deterministic polynomial time algorithm
for testing primality.

We will need the following simple fact about the lcm of the first m numbers:

Lemma 2.2.2. Let LCM(m) denote the lem of the first m numbers. For
m>7:
LCM(m) > 2™

2.3 The algorithm and its correctness

LENSTRA’S VARIANT
Input: integer n > 1.
if (n=ab, for b>1 and a € N) output COMPOSITE;
Find the smallest r such that o.(n) > log?n;
If 1 <ged(a,n) <n for some a<r
output COMPOSITE,;
If n<r
output PRIME;
For a=1 to [\/¢(r)logn] do
if ((x4+a)"# 2" +a (mod 2" — 1,n))
output COMPOSITE,
10. output PRIME.

©O© 00 N O O W N

Theorem 2.3.1. The algorithm above returns PRIME if and only if n is
prime.

In the reminder of the section, we establish this theorem through a se-
quence of lemmas.

Lemma 2.3.1. If n is prime, the algorithm returns PRIME.

Proof. If n is prime then steps 1 and 3 can never return COMPOSITE. By
Lemma 2.2.1, the for loop also cannot return COMPOSITE. Therefore the
algorithm will identify n as PRIME either in step 6 or in step 10. ]
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The converse of the above lemma requires a little more work. If the
algorithm returns PRIME in step 6 then n must be prime since, otherwise,
step 3 would have found a nontrivial factor of n and the algorithm would
have returned COMPOSITE in step 4. So we only need to consider the case
in which the algorithm returns PRIME in step 10; so let’s assume this to be
the case.

The algorithm has two main steps (step 2 and the for loop): step 2 finds an
appropriate r, and the for loop verifies the equation (2.2) for a number of
a’s. We are now going to bound the magnitude of the appropriate r.

Lemma 2.3.2. There egists an r < max{3,[log°n|} such that o.(n) >
log? n.

Proof. This is trivially true when n = 2 since r = 3 satisfies all conditions.
So let’s assume that n > 2. Then [log5 n] > 10 and Lemma 2.2.2 applies.
Let r1,72,...,m be all numbers such that either o,,(n) < log?n or r; | n.
Each of these numbers must divide the product

[log? n)
n- H (nz o 1) < nlog4n < 210g5n
i=1
and so does their lem. By Lemma 2.2.2, though, we know that the lem of
the first [log® n] numbers is greater than 20°6"" and therefore there must
exist a number s < [log®n] such that s & {ri,rs,...,r}. If ged(s,n) = 1
then og(n) > log?n and we are done. If gcd(s,n) > 1, then since s does not
divide n and ged(s,n) € {ri,re, ..., 1 },r = m Z {ry,ra,...,r¢} and so
or(n) > log?n. |

Since oy(n) > 1, there must exist a prime divisor p of n such that o,(p) >
1. We must have both p > r and ged(n,r) = 1 since, otherwise, either step
4 or step 6 would decide the primality of n. This means p,n € Z;. Also
let | = [\/p(r)logn]. The for loop verifies | equations. Since the algorithm
does not output COMPOSITE in this step, we have:

(x4+a)"=2"+a (modz" —1,n)
for every a, 0 < a <. This implies:

(x4+a)"=2"+a (modz" —1,p) (2.3)
for 0 <a <I. By Lemma 2.2.1, we have:

(x+a)f =2P+a (modz" —1,p) (2.4)

for 0 < a <I. Thus n behaves like prime p in the above equation.
Let’s give a name to this property:
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Definition 2.3.1. For polynomial f(x) and number m € N, we say that m
is introspective for f(x) if

[f(@)]™ = f(z™)  (mod 2" —1,p).

It is clear, form equations (2.3) and (2.4), that both n and p are intro-
spective for £ + a when 0 < a <.
The following lemma shows that introspective numbers are closed under mul-
tiplication:

Lemma 2.3.3. If m and m’ are introspective numbers for f(x) then so is
/
m-m’.

Proof. See proof of Lemma 1.3.3, with g(z) = f(z). |

For a number m, the set of polynomials for which m is introspective is
also closed under multiplication:

Lemma 2.3.4. If m is introspective for f(x) and g(x) then it is also intro-
spective for f(x) - g(x).

Proof. We have:

[f (@) - g(a)]™ = [F(@)]™ - [g(2)]™ = f(&™) - g(x)™  (mod 2" —1,p).

The above two lemmas together imply that every number in the set
is introspective for every polynomial in the set

l

P={]](@+a)|es > 0}.

a=1

We now define two groups based on these sets that will play a crucial role
in the proof.

The first group is the set of all residues of numbers in I modulo r. This is
a subgroup of Z} since, as already observed, ged(n,r) = ged(p,r) = 1. Let
G be this group and let |G| = t. G is generated by n and p modulo r and,
since o,(n) > 4log?n we have t > 4log® n.

To define the second group, let ®,.(x) ="'+ 2" 24 ... +1 = “::;:11 the rth
cyclotomic polynomial over [F,. Polynomial ®,(z) divides " — 1 and factors
into irreducible factors of degree o,(p) (see proof of fact 4 of Lemmal.2.1).
Let h(x) be one such irreducible factor. The second group, I', is the set of
all nonzero residues, modulo h(z) and p, of polynomials in P. This group is
generated by elements z+1,x+2, ..., 2+ in the finite field F = Fy,[z]/(h(x))
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and is a subgroup of the multiplicative group (F,[x]/(h(x)))*.

The following lemma proves a lower bound on the size of the group I'. It is
a slight improvement on a bound shown by Hendrik Lenstra Jr., which, in
turn, improved a bound shown in the AKS algorithm.

Lemma 2.3.5. [I'| > (tﬁf)

Proof. Since h(x) is a factor of the cyclotomic polynomial @, (x), x is a prim-
itive 7" root of unity in F, that means 2" = 1 (mod h(x),p).
We now show that any two distinct polynomials of degree less than ¢ in
P will map to different elements in I'. Let f(x) and g(x) be two such
polynomials in P. Let f(z) = g(x) in the field F and let m € I. We
have f(xz)™ = g(z)™ in F. Since m is introspective for both f and g,
we have f(z™) = g(2™) (mod " — 1,p) and, since h(z) | 2" — 1, we have
f(@™)=g(z™) in F. This implies that =™ is a root of the polynomial
Qy) = f(y) — g(y) for every m € G. So there will be |G| = t distinct
roots of Q(y) in F. However, the degree of Q(y) is less than ¢ by the choice
of f and g. This is a contradiction and, therefore, f(z) # g(x) in F. More-
over, i # j in Fp for 1 <i # j <1, since | = [2¢/¢(r)logn| < 2y/rlogn <r
and p > r. So the elements x + 1,2 + 2,...,x + [ are all distinct in F. It
’s also possible that there exists a <[ such that x +a = 0 in F (it happens
if h(z) = x + a), and this = 4 a is not in the set I'. So there are at least
I — 1 distinct polynomials of degree one in I'. Therefore, there exist at least

(tﬂf) distinct polynomials of degree < ¢ in I. ]

In case n is not a power of p, the size of I' can also be upper bounded:
Lemma 2.3.6. If n is not a power of p, then |I'| < %ng*ﬁ

Proof. Let’s consider the following subset of I:

I={n'-p|0<ij<[Vi]}

If n is not a power of p, then the set I has ([v/t] + 1) > ¢ distinct numbers.
Since |G| = t, at least two numbers in I must be equal modulo r. Let m;
and my be such two number and let m; > mo. So, by fact 3 of Lemma 1.2.1,
we have:

mi

2™ =2 (mod z" —1).

Let f(x) € P. Then,

f@)™ = f(@™) (mod 2" —1,p)
f(@™2)  (mod z" —1,p)
/

()™ (mod z" — 1,p).

This implies that f(xz)™ = f(z)™2 in the field F. Therefore, f(z) € ' is
a root of the polynomial Q'(y) = y™ — y™2 in the field F. As f(z) is an
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arbitrary element of I, we have that the polynomial Q’(y) has at least ||
distinct roots in F. The degree of Q'(y) is m; < (np)Vl < 1n2\/ (sincep | n
and n # p by hypothesis). This shows |I'| < §n2\[. [ |

We are now ready to prove the correctness of the algorithm:
Lemma 2.3.7. If the algorithm returns PRIME, then n is prime.

Proof. Suppose that the algorithm returns PRIME. Lemma 2.3.5 implies
that for t = |G| and [ = [21/¢(r) logn]:

| > <t+l—2>
t—1

( — 1+ [2V/tlogn]

\%

) (since t > 2v/tlogn)

- [21/t log n]
22Vt ]—1
> Vilogn) (since I = [24/p(r)logn] > [2v/tlogn])
[2v/t1log n]
> gl2Vilogn] (since 2vtlogn > 3)
logn
> (2logn )2Vt _ 1n2\ﬂ.
- 2 2

By Lemma 2.3.6, |T'| < %nQ‘/Z, if n is not a power of p. Therefore n = p* for
some k > 0. If £ > 1, then the algorithm will return COMPOSITE in step
1. Therefore, n = p. ]

This completes the proof of Theorem 2.3.1.

2.4 Time Complexity Analysis

Theorem 2.4.1. The asymptotic time complezity of the algorithm is 1§(log21/2 n).

Proof. e The first step of the algorithm takes asymptotic time J(log®n),
since the algorithm calculates [n%]

e In step 2, we find an r with o.(n) > log® n. This can be done by try-
ing out successive values of r and testing in n* #Z 1 (mod r) for every
k < log®n. For a particular r, this will involve at most 79(10g2 n) mul-
tiplications modulo 7 and so will take time 9(log? nlogr). By Lemma,
2.3.2 we know that the algorithm only needs to try 9¥(log® n) different
values of 7, to find the required one. Thus the total time complexity
of step 2 is 9(log” n).

e The third step involves computing the gcd of » numbers. Each ged
computation, with the Euclidean Algorithm, takes time ¥(log® n) and,
therefore, the time complexity of this step is ¥(r log?n) = ¥(log” n).
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e The time complexity of step 5 is just ¥(logn).

e In the for loop (steps 7-8), we need to verify [y/¢(r)logn] congru-
ences. Each congruence requires ¥(logn) multiplications of degree r
polynomials with coefficients of size ¥(logn). So each congruence can
be verified in time 9(rlog®n) steps. Thus the time complexity of the

for loop is I(r\/¢(r) log®n) = 19(7“% log®n) = 9(log? /2 n).

The time of the for loop dominates all the others and is, therefore, the
time complexity of the algorithm. ]

2.5 Improving Time Complexity

The time complexity of the algorithm can be improved by improving the
estimate of r done in Lemma 2.3.2. Of course the best possible scenario
would be when r = 9(log?n) and, in that case, the time complexity of the
algorithm would be 9(log® n).

In fact, there are two conjectures that support the possibility of such an 7.
The first conjecture is the following:

Conjecture 2.5.1. (Artin’s Conjecture) Given any number n € N that
is not a perfect square, the number of primes r < m for which o,(n) =r —1
is asymptotically A(n)- =% where A(n) is Artin’s constant with A(n) > 0.35.

Inm

If Artin’s Conjecture, which holds under the Generalized Riemann Hy-
pothesis, becomes effective for m = ©¥(log®n), it shows that there is an
r = 9(log? n) with the required properties.

The second one is the Sophie-German Prime Density Conjecture (Con-
jecture 1.5.1) that we have seen in the previous chapter.

If this conjecture holds, we can conclude that r = ¥(log® n):

by Conjecture 1.5.1, there must exist at least log? n Sophie-German Primes
between 8log?n and clog? n(loglogn)? for a suitable constant ¢. For any
such prime ¢, we have that the only possible orders of n modulo ¢ are
{1,2, q;—l,q}. Any ¢ for which o4(n) < 2 must divide n? — 1 which has
at most log(n? — 1) prime factors, and so the number of such ¢ is bounded
by ¥(logn). This implies that there must exist a prime r = ¥(log®n) such
that o.(n) > log?n.
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Chapter 3

Berrizbeitia’s Algorithms for a
large family of numbers

3.1 Introduction

We are now going to present algorithms that run faster than AKS algorithm
and are deterministic primality tests. But they work only for a large family
of integers, namely integers n = 1 (mod 4) for which an integer a is given
such that Jacobi symbol (£) = —1, and the integers n = —1 (mod 4) for
which an integer a is given such that (%) = (I_T“) = 1. The algorithms we
present run in 27 ™in(k2loglogn)(log n)® time, where k = vy(n — 1) is the
exact power of 2 dividing n — 1 when n = 1 (mod 4), and k = vo(n + 1)
in n = —1 (mod 4). In particular, the running time of these algorithms
improves up to 9(logn)* if the value of k > [2loglogn]. If n is a large
enough prime, then we show that the algorithm for the case n =1 (mod 4)
runs, in the worst case, that is when k = 2, at least 2'! times faster than
the best possible running time for the AKS algorithm. This advantage in
running time increases with the value of k. For the case n = —1 (mod 4) we
get the same result using 2° instead of 2!,

In the case n = 1 (mod 4), and assuming an integer a is given such that

(%) = —1, the two crucial points of our algorithm are:

1. It is enough to verify

(1+mz)" =1+ mz" (mod n,z*

— (I)

where s = [2loglogn]. Since 22(0gl8n) — (Jogn)2, then we have
2% < (logn)?. Since we have seen, in the AKS algorithm, that r €
[64(logn)?, c(logn)®], then we have that 2¢ is at least 64 times smaller
than r, then each of these verifications for different values of m are
faster than the verification of the analogues step in the AKS algorithm.
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2. These verifications only have to be done for 22#(5=5:0) different values
of m, where k = v5(n—1), since, as we will see, some of the conjugates
of the monomial 1 4+ ma™ in the corresponding finite field, are also
monomials satisfying the same congruence. So, each iteration of our
test produces 2™(**) different monomials satisfying the congruence.

These two facts together allow us to give a more efficient primality test for
those numbers and such that its efficiency improves with the value of k& up
to certain limit ([2loglogn]).

For number n = —1 (mod 4) we will be able to obtain similar results.

3.2 Notation and Preliminaries

Throughout this chapter by logn we always mean log to the base 2 and p
denotes an odd prime number.

Definition 3.2.1. Let a be an integer coprime with p. We define The Leg-
endre Symbol (%) by the formula

(a) B {+1 . if there is an integer = such that 22 = a (mod p)

p —1 : otherwise.

This symbol has the following properties:

1. If ab is coprime with p, then (%’) = (%) (%).

2. (%) =’ (mod p).
The Legendre Symbol can be extended multiplicatively to the Jacobi Symbol

replacing p with an odd number m. That is, if m = py - - - px and ged(a, m) =
1, then () = <p%) (ﬁ) The Jacobi Symbol also satisfies property (1)
of the Legendre Symbol above. Most important, it the Quadratic Reciprocity

Law which is:
Let m,n be odd and coprime numbers. Then,

_ n-1
L () =(=1)>
2. (2)=(-1"7
5 (2) = (2) ()
As a reference for the proof of the quadratic reciprocity law we give [2].

Let IF, denote the finite field with p elements. We are now going to recall
some facts about the theory of finite field that we shall employ.
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Fact 1: Let K and E be finite fields containing F,. Let ¢ = |K| and
suppose K C E. Then, [E:F,| = [E: K|[K : F,].

Now let K be a finite extension of F), with ¢ = |K|. Let K* be the multi-
plicative group and g a generator of K*.

Lemma 3.2.1. For an element o of K, the following are equivalent

U is drreducible over K for every odd integer 1.

1. 22—«
2. 22 — « is irreducible over K.
3. a=g' for some odd integer t.

4. o'T = 1.

Proof. (1) = (2) is trivial. Now let’s prove (2) = (3). Since g is a generator,
then o = ¢ for some t. Let’s suppose that t is not odd, that is t = 2m. Then

2?2 —a=2%—g* = (z—¢g™)(x+g™) is reducible. But it is a contradiction,
—1
so we have that ¢ is odd. (3) = (4) is obtained by noticing that g'z = —1
—1 -1
since g is a generator. Hencen oz = (¢¢)"z = (—1)! which is equal to —1

since ¢ is odd. Finally, to show (4) = (1) let’s suppose that 22 — o! with
[ odd integer is reducible. Then, there is 3 € K such that % = of. So

(ozq%l)l = pB2=! =1, but if o’ = —1 and [ is odd, then we should have
-1
(a7 )! = —1. Thus, we have a contradiction. |

Lemma 3.2.2. Let g = |K|. Assume ¢ =1 (mod 4). If 22 — a is irreducible
over K and 0 is a root of x*> — a, then x® — 0 is irreducible over K(0).

Proof. Note that |K ()| = ¢°. By Lemma 3.2.1 it is enough to prove that
2

q“—

0“5 = —1. Note that since g=1 (mod 4) then q;—l =t is odd. Also, since

.. . q-1
x? — a is irreducible over K, then a = = —1. Hence,

-1 g+l gq—1

0 = ()T = (1) =1

(we have used the fact that 62 = a being 6 a root of 22 — a). [

Corollary 3.2.1. If|[K| =¢ =1 (mod 4) and a € K is such thata's = -1,
then the polynomial x*° — a is irreducible over K for all s > 1.

Proof. Let’s proceed inductively on s.

If s =1, then 22" — a = 2% — a is irreducible over K by Lemma 3.2.1 (4
implies 2).

Now let’s suppose that for all K such that [K| =¢=1 (mod 4) and a € K
such that 2 — a is irreducible, then 227" — @ is irreducible.

Then we have [F,[v/a] : F,] = 2. Moreover, by Lemma 3.2.2 we have that 22—
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Va is irreducible over F,,[v/a] which implies, using the inductive hypothesis,
that 22 — \/a is irreducible over F,[/a]. Thus, we have [F,(z% — \/a) :
Fp[v/a]] = 2571 Let p be a root of 22" — \/a, then Iﬁ‘p(xzkl —y/a) is equal
to Fp[v/a, p] which, since p2 " = \/a, is equal to F,[p]. So by Fact 1 we have
[Fpp] : Fp] = 2° from which we can understand that deg f, = 2°.

Moreover, we know that p?>° = a which means that p is a root of 22° — a.
Thus we must have f, = 22" —a that, by definition, is irreducible over K. W

We can now establish the following proposition

Proposition 3.2.1. 1. Ifp=1 (mod 4) and (%) = —1, then ¥ —a is
irreducible over I,

2. If p=3 (mod 4) and (%) = (%) = —1, then ¥ — 222" + a is
irreducible over I,

Proof. The first assertion is a particular case of the Corollary 3.2.1 since

(%) =a7 =1 (mod p). In order to prove (2) let ; = 14+ +/1 — a. Since

(%) = —1 then F,() has degree over 2 over F,. Hence, it has p? = ¢
elements, so ¢ =1 (mod 4). Moreover,

2

07 =@ = (14 VI—a)(1-VI—a)'T a7 = 1.

(We have used property 2 of the Legendre Symbol to state that (9]1)“ =
0117 + (1 - a)f) =611+ (1 - )2 *2) = 61(1+ (~1)(1 - a)2) = 11 -
V1—a).

Corollary 3.2.1 implies that 22" — 0y is irreducible over F,(01). A root 6 of
this polynomial satisfies, (#2° — 61)(z2" " — 67) = 0 which is equal to

" — (01 + 911)).%2571 + 00T = g% 22 +a

which belongs to Fpz]. So we have [F,(0) : Fp(61)] = 257!, Moreover we
know that [F,(01) : Fp] = 2. So we can conclude, by Fact 1, that [F,(8) :
F,] = 2571 .2 = 2% which means that the polynomial 22" — 242" 4 a must
be irreducible over [F),. |

3.3 Algorithm for the case n =1 (mod 4)

Let’s now suppose n = 1 (mod 4). Let k = va(n — 1). So k > 2. Let a be
an integer such that (%) = -1
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Note for example that if n = h2¥ + 1 and h Z 0 (mod 3), then

(2) - (s - (3) o -

0 if n=0 (mod 3)
= (—) =<1 if n=1 (mod 3)
-1 if n=2 (mod 3)

but we have n = h2¥ + 1 which implies that n #Z 1 (mod 3). Thus, in this
case, we have that n is either a multiple of 3 or (%) = —1. It follows that

the algorithm that we are now going to see, is deterministic for numbers of
that form.

Finally let s = [2loglogn] = [2loglogn]+1. Note that (logn)? < 2 < 2(logn)?2.
Let’s now see the Algorithm 1:

CASE 1: n=1 (mod 4)

Let k=wa(n—1), s=[2loglogn].
Input: integers n,a such that n=1 (mod4), (%)=-1.

n
Let A=a'2F . If A> ' 2 1 (modn), output COMPOSITE;
If k> (1/2)logn, output PRIME ;

m=1,5={1},5 = {1};
While (|S| < 2max(s=k0)){
While (m2° (mod n) € §'){
m m+1;
}
If m > |S|2¥ + 1, output COMPOSITE;
If ged(m,n) > 1, output COMPOSITE;
1f ged(m? —¢',n) > 1 for some 5’5, output COMPOSITE;
S SU{m};
S S U{m2 (mod n)}
+
If (1+ma)" # (1+ma™) (mod n,z* —a), output COMPOSITE;
16. Output PRIME.

©O© 00 N O W N -

=
= O

e N N
b W N

If n=d°® for some positive integers d and e with e > 1, output COMPOSITE ;

Where:

Steps (1) and (2) verify properties of the Legendre Symbol and Proth’s The-
orem.

Step (3) verifies that n is not a perfect power.

Steps (4)-(14) generate a set S of cardinality 20x(s=5.0)

Steps (15) and (16) verify the congruence for all m € S.

The rest of this section is devoted to the proof of the following two results:
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Theorem 3.3.1. The algorithm above returns PRIME if and only if n is
prime (as long as n > 100).

Theorem 3.3.2. The running time of the algorithm is 92~ ™in(s:k) (Jog 1)),
Note that this is 9((logn)®) if k = 2 and is 9((logn)*) if k > s.

Let’s prove these theorems through the proofs of a series of lemmas.
Lemma 3.3.1. If n is prime (n > 100), the algorithm returns PRIME.

Proof. Step (1) of the algorithm cannot return COMPOSITE because A2 =
n—1 .2k‘—1
2

a = a" ! and, by property 2 of the Legendre Symbol, we know that

if n is prime, then —1 = (%) =o' (mod n), so A% # 1 can never occur.
Step (3) cannot return COMPOSITE because n is not a perfect power.

Now we show that Steps (4)-(14) do not return COMPOSITE. First note
that if £ > s then the algorithm does not enter the while loop, hence these
steps cannot return COMPOSITE in this case. So we may assume k < s. In
this case, the algorithm generates the set S, that is, a sequence of integers m;
with i =1,...,2°% and m; = 1. Since n is prime, the number of solutions
of ?¢ = 1in F,, is at most 2¥. It follows that mo < 2¥+1. Inductively, using
this same reasoning, we deduce that m; < (t—1)2F41. Note that t —1 is the
cardinality of the set S at that stage of the algorithm. It follows that under
the assumption that n is prime, m > [S|2¥ 4+ 1 cannot occur. Besides, since
the greatest m; is mg_g and my_p < (2% —1)2% 41 then it follows that each
m; < (2% —1)2F +1 < 2% < 2(logn)? < n (this last inequality certainly
occurs if n > 100). Hence, in the algorithm, ged(m,n) > 1 cannot occur.
Finally, since m?k = m?k (mod n) for all j < i (otherwise m;  m;41), then

/

gcd(ka —s',n) > 1 cannot occur. This concludes the analysis for these

steps.
For Step (15), since (1+mz)™ = 1+ma™ (mod n), then (1+mzx)" = 14+ma”
(mod n,z%" — a), so this step does not return COMPOSITE. [ |

We assume from now on that the output of the algorithm is PRIME.

Lemma 3.3.2. Suppose that the algorithm has passed Step (1), that is, it
has verified A2 # —1 (mod n). Then we have

1. vo(d —1) > k for all divisors of n.

2. There is a prime divisor p of n for which vo(p—1) = k. For such prime

Proof. 1. Tt is enough to prove it for prime divisors d of n. The hypothesis
implies 42" # —1 (mod d), whence ordg(A4) = 2¥ which implies that
28 | d — 1 and, therefore, vo(d — 1) > k.
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2. If every prime divisor ¢ of n were to satisfy vo(¢ — 1) > k, then so
would the product, that is n, but it cannot occur. Let p be a prime
divisor of n satisfying v2(p—1) =k =1a(n—1). Let t = 1'2%1 Since k
is the exact power of 2 dividing p — 1, then ¢ is odd. Hence,

<;1) = A" = (4N = (—1)'= -1 (mod p)

where we have used the fact that, from Step (1) of the algorithm,
— n—1
AT = (mod n) and p | n. Since A =a 2* and %L is odd, then

ok
we get (%) =-1
[

Let’s now recall a theorem which is important in number theory

Theorem 3.3.3. [Proth] If p is a Proth number, namely a number of the
form k2" + 1 with k odd and k < 2", then if for some integer a

p—1

az =-1 (mod p)

then p is prime.
Moreover, if p is o quadratic nonresidue modulo a then the converse is also
true, and the test is conclusive. Such an a may be found by iterating a over

small primes and computing the Jacobi Symbol until: % =—1.

Form this Theorem we can deduce the following Lemma:
Lemma 3.3.3. If the algorithm returns PRIME at Step (2), then n is prime

Now we assume that n has passed Step (2) (so £ < 1/2logn). We let

p be a prime divisor of n satisfying va(p — 1) = k = va(n — 1). Since
a
P
over [F,. Let 6 be a root of the polynomial in an algebraic closure C of IFp,

let K =T,(f) and K its multiplicative group. Every a € K* is a = f(0)
for some unique non-zero polynomial f(x) € IF,[x] of degree t < 2°. Let m
be an integer. We denote by 7, the multiplicative homomorphism of K*
consisting in raising to the m-th power. We denote by o, the linear map
of K defined by o, () = f(6™), where f(z) is the unique polynomial just
mentioned.

= —1, then by Proposition 3.2.1, the polynomial 22" — a is irreducible

Lemma 3.3.4. For an integer m the following are equivalent:
1. 0™ is a root of irrg(x) = v*° — a.
2.d"=a (inF,)

3. om(h(0)) = h(8™) for all h(z) € Fp[z].
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4. om € Gal(K/F,).

Proof. Note that, since @ is a root of 2° — a, we have #%° = a.

It is clear that (1) implies (2) since a = (0™)?" = a™. To see that (2) implies
(3), let’s consider h(z) = f(z) + (2% — a)p(z) where deg f(z) < 2°. By
definition of o, we have:

am(h(0))

m(f(6) + (6% — a)p(x)) = o (f(6)) =
(6™) = h(0™) — (a™ — a)p(6™) =
™) :

Il
> = Q

To prove that (3) implies (4) note that, since oy, is clearly a linear map over
), we only have to prove that it is multiplicative, and this i trivial. Finally,
(4) implies (1) is also evident: just note that o,,(0) = 8™ is a conjugate of ¢
over [, hence, it must be a root of irrg(z). |

In particular, since ¢ = a (mod n) and, therefore, modulo p, this lemma

implies that o, € Gal(K/F)), so it must be a power of the Frobenius auto-
morphism a}i, = 0y . The idea will be to show that, under certain conditions
that are met if the algorithm outputs prime in the last step, this implies
that n = p’. We still need quite a few observations before reaching that
conclusion.
Write n = p'd. Then, from a" = a and a? = a it is easy to see that
a = aP'd = (apl)d = a. So o4 is also an automorphism. Moreover, so is
040, for all i,j > 0. More generally if m1 and my satisty the equivalent
conditions of the previous lemma then so does mims and it is also easy to
verify that om,my = Om, ©0m, . Similarly, if m; and mimsa satisfy the condi-
tions, then so does mo. On the other hand, if m satisfies any of the equivalent
conditions of the previous lemma, then the product o,,7_,, is also a multi-
plicative homomorphism of K * since it is a product of homomorphisms. It
follows that

Gm = ker(amr,m) = {f(@) EK” | f(em) = f(e)m}

is a subgroup of K*, hence cyclic, generated by, say, gm(f). We are now
going to analyse the properties of these cyclic groups. First note that if
a € Gy, then o™ = f(0)™ = f(0™) = om ()

Lemma 3.3.5. Suppose m1 and meo satisfy any of the equivalent conditions
of Lemma 3.3.4 then,

1. Foralli >0, sz' = K*.
2. Gy NGy € Gy -

8. |Gm,| divides m?" — 1. In particular ged(m;, |G, |) = 1.
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4. Gmyme NGy € Gy -

Proof. 1. That Gy = K* is trivial. Let o € K*, then 0,i(a) = ol(a) =

oP | since o) is the Frobenius automorphism.

2. Let a € Gy NGy, - Then, oy, (@) = ™ and o, (o) = ™2, Tt
follows that

Tmima (@) = Omy (Tms (@) = Oy (@) = (0, (@)™ = (™)™ = a™1™2.
This implies @ € Gy, -

3. Let o be a generator of G,,, . By part 2 of this lemma a € G, 2s.

On the other hand, since oy, is an automorphism of K then U%; is
the identity. So we have o™ = Op2s (@) = 02 (o) = id(a) = . So
o™ ~1 = 1. Hence |Gp,| = ord() divides m? — 1. In particular

ged(my, |G, ]) = 1.

4. Let o € Gymy N Gy - Then
(@)™ = ™2 = o, (0, (@) = Ty (@) = (T, ()™

By part 3 of this lemma, we know that mj is coprime with |Gy,
which means that there is an integer ¢ such that tm; =1 (mod |Gy, |).
Raising both sides of the equality to this #, we obtain (a™2)™! =
(0my ()™t Note that o,,,(c) has the same order than «. Hence
A = o, ().

Write n = p'd where d is coprime with p. From the previous lemma we
can deduce the following result:

Corollary 3.3.1. Foralli,j > 1, G, C GpiGdj
Proof. Gp=Ggp =Gap NGp C Gy C Gy =Gqi NG C Gig- ]

Corollary 3.3.2. If my and mo satisfy any of the equivalent conditions of
Lemma 3.3.4, then o, = om, implies |Gy N G, | divides my — ma.

Proof. Let a € Gy N Gppy, - Then @™ = 04y, (@) = oy () = ™2 | thus
a™™™2 = 1. Since Gy, NGy, is a cyclic group, then |Gy, N Gy, | must
divide m1 — mas. [ |

The lemma we are going to see, is very important since it shows how
to obtain 2™(%%) monomials in G,, from one iteration in Step (15) of the
algorithm. This is the reason why the complexity of the algorithm improves
as k grows.
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Lemma 3.3.6. 1. Suppose k < s. If for some integer m, we have (1 +mb) € G,,
then (1 4+mA% ) € G, fori=1,2,...,2~.

ok—s

2. Suppose k > s. Let B=A
fori=1,2,...,25,

If (14 0) € Gy, then (1 + B0) € G,

Proof. 1. Since Gy, is a group, then (1 +mf) € G, implies (1 + mf)P" =
(1+mbP") €,,. The elements 67" are the Galois conjugates of 6 in F,[0].
Since #%° = A, then the conjugates are of the form 6¢, where ¢** = 1.
Since k < s, every A’ satisfies (4%)%" = 1. So the A’ are among the
possible values for ¢. In particular, (1 +mAi9) € G,,.

2. Same as in (1) by noting that B is a primitive 2°-th root of 1 in F),.
|

Lemma 3.3.7. If the algorithm outputs prime at Step (16), then |G| > 22,

Proof. Assume first that k < s.

Again we denote by m;, with i = 1,...257% the sequence of elements of the
set S generated by the algorithm in Steps (4)-(14). We claim that m; A7 for
i=1,2,...,2°% and ] = 1,2,...,2k are all different and non-zero in [F).
To see this, recall that A has order 2* in Fp. Hence, A’ is non-zero in F,
for all j and they are all different for j = 1,...,2%. The algorithm verifies
ged(mi,n) = 1 which implies that all the m;A’ are non-zero in F,. Let’s

suppose m; A = my A7 in F,. Raising to the 28-th power, we get mfk = m?,k
in I, but since in Step (11) the algorithm verified that m?k —m?,k is coprime

with n, then we must have ¢ = ¢ whence we deduce that j = j'. So we have
2% different non-zero elements of IF,. Denote them by ¢, for r =1,...,2° In
Step (15) the algorithm verifies that (1 +m;0) € G,, for eachi = 1,...,257%,
It follows from the previous lemma that (1 +¢,.0) € G,, for r =1,2...,25.
If, on the other hand, k£ > s, then the algorithm verifies that (1 + 0) € G,,,
and, again, using the previous lemma, we get (1+B"0) € G, forr =1,...,25.
So in both cases we obtain 2° different monomials in G,,. To simplify we will
always denote them as (1+t¢,.0) € Gy, for r =1,...,2% Since G, is a group,
it contains the set T defined as

2
T = {H(Htre)fr e €Z,Y e < 23}.

r=1

Every element of T is of the form f(#) for some f(x) of degree less than 2°.
Since all ¢, are different in F,, then the polynomials f(z), corresponding to
the different choices of ¢;, are different in Fp[z]. Since the degrees are less
than 2% then the corresponding elements of .S are different.

T properly contains the set

.
T, = {H(l +4:0)" [er € {0,1},) & < 28} :

r=1
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In this set, we have 22" choices for €,, but one of these, the one such that
e, = 1 for all 7, cannot be considered because ) €, must be less than 2°. So
the cardinality of T} is 22° —1. Hence, T has at least 22" elements. Therefore,
|G| > 22, u

We are now ready to complete the proof of Theorem 3.3.1.

Proof. of Theorem 3.3.1

It remains to prove that if the algorithm outputs prime in the last step, then
n is prime. Assume n has more than one prime divisor. Hence, n = p'd where
ged(d,p) = 1 and d > 1. We know that 0,04 € Gal(K/F)) for all 7, > 0.
Since Gal(K/F,) has order 2°, it follows from the pigeon hole principle that
there exist two different pairs (i, 71) and (iz, jo) with 0 < i1, j1, ia, jo < [V/29]
such that o, gy = 0pizgin - It follows from Corollary 3.3.2 that

’Gpil ain M Gp’i2dj2‘ divides pildj1 — pizde
Hence, from Corollary 3.3.1 we obtain
|G| divides ptd’t — p2d’2.

Note that ptdt — p2d’2 < nlv?’] < nV? . Also note that from s =
[2]loglogn] we can easily deduce that 2% > (logn)? that is v/25 > logn
which means 2V2° > n from which we can conclude that 22° > nV2" |
Moreover we know, from Lemma 3.3.7, that |G,| > nV? . So we obtain
ptd’t = p2d’2. But this is not possible because p and d are coprime and
(i1,71) # (i2,72). Hence d = 1. So, n = p'. Since n has passed Step (13) of
the algorithm (n cannot be a non trivial perfect power), we conclude that
[ = 1 which means n = p. |

Analysis of Complexity:

Proof. of Theorem 3.3.2

Step (1) involves the calculation of a7 (mod n) which takes 9((logn)?)
time using the fast Fourier tranform.

Step (3), as in the case of the AKS algorithm with Lenstra’s variant, takes

9((logn)?).

Steps (4)-(14): If k > s the algorithm does not enter the while loop, so
in this case this step has no cost.

When k < s, every integer m that the algorithms deals with, is less than
2%, For each of these integers m, it computes m?* (mod n). It follows that
the algorithm calculates m?2* for at most 2° different values of m (in practice
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much less than this). This involves k2° < $2° modular multiplications mod-
ulo n. Using the fast Fourier transform, these computations take at most
J((logn)?). On the other hand, the algorithm in these Steps computes less
than 22" ged’s. This takes 22(57k)1§((10g n)) = 2=29((logn)®) time.

Step (15): This is the part of the computation that will determine the com-
plexity of the algorithm. It involves omax(s—k.0) jterations, where by iteration
we mean the computation of (1+mi,)"mod(n, 2% —a). Using fast exponen-
tiation, each iteration takes at most 2logn multiplications in the field K.
Using the fast Fourier transform, each of of these involves ¥(2%s) modular
multiplications, and, likewise, each of these takes J(logn) time. We must
add that the reduction modulo 22" — a is necessary after multiplications of
elements in K, but these are done with 2° modular multiplications, which
does not affect complexity. So each iteration takes @((log n)%). Hence this
step takes
2max(sfk,0)1§((log Tl)4) — 9~ min(s,k)&((log n)G)’

and so does the algorithm. |

3.4 Algorithm for the case n = —1 (mod 4)

Throughout this section we assume that n = —1 (mod 4), and k = va(n+1).

In particular £ > 2. We assume that an integer a is given such that

(%) = (1;4) = —1. . Note for example that, just like we have seen in the pre-

vious section, if n = h2¥ —1 and h Z 0 (mod 3) then n is either a multiple of
3or (%) = (% = —1). It follows that the algorithm we are now going to see
is deterministic for numbers of that form. Further we let ¢t = [loglogn] + 1,
noting that t = s + 1. Hence we have 2(logn)? < 2! < 4(logn)?. Let’s now

see the proposed Algorithm 2:
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CASE 2: n=—1 (mod 4)

Let k=w(n+1), t=[2loglogn|+1.
Input: integers n,a such that n=—1 (mod 4), (%) = (1_—“) =-1.

n

1. If a2 #—1 (modn), output COMPOSITE;

2. If (I1+vV1—-a)"#1—+1—a (modn), output COMPOSITE ;

3. If k> (1/2)logn, outputPRIME;

4. If n=d° for some positive integers d and e with e > 1, output COMPOSITE ;
5. For m=1 to 2max(t=k0)g

6. If ged(m,n) > 1, output COMPOSITE;

7. %}

8. For m =1 to 2max(t-k=10)¢

9. If (1+mz)" # (1+ma") (mod n, 22" — 222 +4), output COMPOSITE;
10. %

11. Output PRIME.
Where:

Steps (1), (2) and (3) verify properties of the Legendre Symbol, the Frobe-
nius automorphism and Lucas-type Theorem.

Step (4) verifies that n is not a perfect power.

Steps (5), (6) and (7) find a sequence of m;’s.

Steps (8)-(11) find elements in G,.

Let’s now see two theorems that are analogous to Theorem 3.3.1 and Theo-
rem 3.3.2 respectively:

Theorem 3.4.1. The algorithm above returns prime if and only if n is prime
(assuming n > 25).

Theorem 3.4.2. The running time of the algorithm is 0(2~ ™25k (log n)6).

In the rest of this section we will prove a series of lemmas that will let
us prove these theorems.

Lemma 3.4.1. If n is prime, the algorithm returns PRIME.

Proof. Steps (1)-(3) cannot output COMPOSITE: in the first place because
of the properties of the Legendre Symbol, and secondly because of the prop-
erties of the Frobenius automorphism. The rest proceeds as in the casen =1
(mod 4) except that in the for loop of Steps (5)-(7) we only need n > 25 to
make sure that 2~ ™ax(=k0) < p |

We now assume that the output of the algorithm is PRIME.

Lemma 3.4.2. Let n,a,1 — a as in the input of the algorithm, and k =

va(n+1). Suppose a't =-1 (mod n) and that (1++v/1—a)"=1—-+v1—a
(mod n). Then,
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1.

Proof.

Every prime divisor q of n satisfies either

a ¢=1 (mod 2F1) or

b ¢= —1 (mod 2¥)

It satisfies a if and only if (%) = <%> =

It satisfies b if and only if (%) = (%) =—1.

There exists a prime divisor p of n such that va(p+1) = va(n+1) = k.

For such p, (1;%) = (%) =-1.

1. Let ¢ be a prime divisor of n. We first note that (%) =1i
and only if ¢ = 1 (mod 4). To show this, let’s recall that, since n =

n—1 n—1
—1 (mod 4), then 51 is odd. Hence, (%) = (9) = <GT> =

—
=

q q

(‘71) = (—1)%1. where we have used property 1 of Jacobi Symbol for

n2—
the last equality. We now claim that (14 /1 — a)T1 = —1 (mod 4).
This is true since

I+ VI—a) " = (14 vVI—a)™ ) = (1 - VI—a)(1+vI—a) s =
—a"7 =1 (mod n).

Now suppose (IT) 1. Then, F (Vl—a) = IFq. Since (1 +

V1—a) w2 —1 (mod n) then (1—1—\/1—a) = —11in F,. But

n241
vo(n+1) = k implies v2(n?—1) = k+1. So the element (14++/1 — a) 2*T
has order 28+1 in F,, which means 28*1 | ¢ — 1 and, therefore, ¢ = 1

(mod 2¢*1). In particular, (%) = 1 according to what we have just

noted. Suppose now that (177“) = —1. Then F = F,(v/1 — a) has ¢

n?—
elements. Again, (1++/1—a) 2 :

=—1inT, so

I (0 0 ) L
Note that in Fy(1/1 — a), the element 5 = (Lg) (1_|_,/ )i~

lies in the unique subgroup of F* of order ¢ + 1. (8 Ea has order 2%,
so 2 | ¢ + 1 which means that ¢ = —1 (mod 2¥). Also, <%> =—1as

noted.
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2. Since (177“) = —1 then there must be a prime divisor of n such that

(I_T”) = —1 So, as we have just seen, we have ¢ = —1 (mod 2¥). If

all primes satisfying (1_7“) — —1 satisfy ¢ = —1 (mod 2**1), then by
part 1, n would satisfy n = £1 (mod 2F!). But, vo(n+1) = k implies
that this is not possible. So there is p | n such that v2(p+1) = k. For

such p, which is congruent to —1 (mod 4), we must have (%) = -1

Hence, we also must have (%) = —1 since we have just proved that

l1—a : : —a
(T) = 1 implies (17) =1
|

Corollary 3.4.1. If the algorithm outputs PRIME in Step (3), then n is
prime.

Proof. 1t is deduced easily from the previous Lemma by noting that £ >
1/2logn is the same as k > logn'/? which implies that 2% > glogn'/?
nl/2 = v/n. So if n is composite, then there exists a prime divisor ¢ such
that ¢ < v/n < 2%, but this implies that ¢ can’t be congruent to 1 modulo
2%+1 and not even to —1 modulo 2¥ which is a contradiction with the previous
Lemma. Therefore, n is prime. ]

Assume now that n has passed Steps (1)-(3) of the algorithm, and let p
the prime divisor of n for which vo(p + 1) = k. We let F = F,(v/1 —a) and
K = Fp(0) where 0 is a root of the polynomials 22— 22 4 a4 = irrg(x)
which is irreducible by Proposition 3.2.1. We also note that K = F(0)
and 6 is a root of #2' (1 + /1 —a) or 22" — (1 — v/1 — a), which are both
irreducible over F. For simplicity we will assume 6 is a root of the first of
these two polynomials. The roots of the other one are also roots of irrg(z).
Let o0, defined, as in the case n = 1 (mod 4), by 0,,(f(0)) = f(6™) when
deg f(z) < 2%.

Now we need the following Lemma:

Lemma 3.4.3. For an integer m the following are equivalent:
1. 6™ is a root of irrg(z) = z2 — 222" + a.
2. 1+y1—-a™=1++1—-ainF.
3. om(h(8)) = h(0™) for all h(x) € Fplx].
4. om € Gal(K/F,).

The proof of this lemma is quite similar to that given for Lemma 3.3.4.

When o, is an automorphism we let

Gm={ae K : opn(a)=a"}.
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Then G, is a cyclic subgroup of K*. Now write n = p'd, where gcd(p,d) = 1.
As in the case n = 1 (mod 4), from the above lemma we can deduce that
oigi € Gal(K/F,) for all 4,7 > 0. Moreover we carry over Lemma 3.3.5,
Corollary 3.3.1 and Corollary 3.3.2 in this new environment.

Let

n2-1
a=(1++v1—a)F.

We now have the following lemma which is analogous to Lemma 3.3.6.

gmax(k+1—t,0)
(6%

Lemma 3.4.4. Lel f = If (1+mb) € Gy, for some m # 0 in
Fp, then (14+mp'0) € Gy, fori=1,... 2mnk+LY),

Proof. . Proceed as in the proof of Lemma 3.3.6 noting that the conjugates
of 0 over the field F are of the form 6¢ where CQt = 1. The powers of 3 are
among the latter. ]

Now, like in the previous case, we are going to estimate the size of G,
using the following lemma:

Lemma 3.4.5. If the algorithm outputs PRIME in the last step, then |G| >
22",

Proof. In Steps (5)-(7) the algorithm verifies that every integer less than
omax(t—k0) ig coprime with n, hence they are all different and non-zero in IF,,.
Let vij = m;87 for i = 1,2,...,2maxt=k=10) and j = 1,2,..., 2min(k+11),
There are 2' v; ;’s. We claim that they are all different and non-zero in F.
Suppose m;#? = my 7. Then B — B9 ~3. Note that all the powers of

mZ/

B are in F — T, except for 62mm(k+l"t) and 8 . which belong to F),.
Then we get either 37 = 87 | in which case m; = my leading to i = @/, or,
ﬁj*j/ = —1, in which case m; = —m; . So we have m; +m; = 0 in F),. But
this is impossible since m; + m;y and the algorithm verified that these were
coprime with n. Thus, we get our claim.

Next, since the algorithm verified in Step (9) that (1 +m;0) € G, for each
i, it follows from the previous lemma that each of the (1 4+ 7;;0) € Gy.
Therefore G, contains 2! different monomials over F, and, as in the case
n =1 (mod 4), we get the result. [

gmin(k,t—1)

We are now ready for the proofs of the main theorems of this section:

Proof. of Theorem 3.4.1
Again this proceeds along the lines of the proof of Theorem 3.3.1. The only
difference is that now Gal(K/F,) has order 27! and G, has at least 22

elements. The fact that 22° > nV2™" is easily derived from 22° > n‘/fs,
keeping in mind that ¢ = s+ 1. [ |

Analysis of Complexity:
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Proof. of Theorem 5.4.2

The proof is similar to the proof of Theorem 3.3.2. We note that the cost of
Steps (5)-(7) is 9((logn)?), which is less than the cost of Steps (4)-(14) of
the algorithm in the previous case, because the number of gcd’s computed is
much less in this one. However, this fact doesn’t lead to an improvement of
time complexity since the steps which determining it are Steps (8)-(11). In
the following Remark we compare the speed of this algorithm with the one
we have seen for case n =1 (mod 4), obtaining, in this way, the proof. W

Remark 1: We note that the same polynomial used in this algorithm
could have been used in the algorithm for number n = 1 (mod 4), with no
additional hypothesis on a. To see this, notice that if (%) =—1 and (I*Ta) =

1, then (%) = —1 and

(5)- (1) ()

So the pair a,1 —a is achieved at most at the cost of computing a=*. Hence,
by Proposition 3.2.1 the polynomial 22— 222" — a4 is irreducible. However
the algorithm we presented for numbers n = 1 (mod 4) runs about four times
faster than the one we presented for n = —1 (mod 4). This happens because,
even if the number of operations performed by both algorithms is the same,
the degree of the polynomial used in the second case, is four times the degree
of the polynomial used in the first one.

3.5 Weakly Conditioned and Unconditioned Tests

3.5.1 Case 1: n=1 (mod 4).
Let n = 1 (mod 4). Let k = va(n — 1), obviously & > 2. This time we

assume integers a and v are such that 1 <u < k and a o= 1 (mod n).
Note that if u = 1 then we obtain the case we have already analysed. At the
other hand, if © = k& we can conclude that such an a always exists: a = —1.
Hence we will refer to this latter case as the unconditioned one. We are going
to see a deterministic primality test for all such numbers. The complexity
of this test will depend also on u. The optimal performance occurs when
u = 1; on the contrary u = k is the worst case we can obtain.

First of all, let’s note that if n = h2* + 1 is prime, and 2 # 0 (mod 5) then
either 52 = —1 (mod n) or 5T = —1 (mod n) or n is a multiple of 5.
This fact has been used to produce a deterministic primality test for numbers
of that form provided k& > logn (see [4]). Combining this observation with
the one we have done in the Section where we dealt with this case, we can
deduce that every number of the form n = h2¥ +1,h # 0 (mod 15) is either
a multiple of 3 or 5, or can be tested using a = 3 ora =5 and v =1 or
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u = 2. Again we let s = [2loglogn].

We now present the algorithm in the form of a theorem. We don’t give a
proof of this theorem since it can be deduced as in the section where we
dealt with this case: we will only enumerate some facts.

Theorem 3.5.1. Letn =1 (mod 4). Let k = vo(n—1). Let s = [2loglogn].

Let a and u be integers, 1 < u < k and such that o = -1 (mod n). Let
S be a set of integers, |S| = 20ax(s=k+2(w=1).0) gych that for any pair m,

_u k+1—u
m’ of different elements of S, gcd(ka+1 —m” ,n) =1 and such that
every element of S is coprime with m. Suppose also that for every m € S
s+2(u—1 .
we have (1 4+mz)® = (14 ma™) (mod n, 22" - a) and that n in not a
non trivial perfect power. Then n is prime.

Proof. Sketch Let r =s+u — 1. Let f(x) = g2 g =2 g,

1. The equation T = -1 (mod n) implies that every prime divisor ¢
of n satisfies v5(¢q — 1) > k —u+ 1.

2. There is a prime p dividing n such that vo(p — 1) < k.
Let p be such a prime and 6 a root of f(z) in an algebraic closure of
Fp.

3. 2" < [K : Fp] < 2rfu-l,

4. o € Gal(K/F)p). Gy, is a cyclic subgroup of K*.
Suppose n = p'd

5. 04 € Gal(K/Fp). Gy, € Gpigs for all 4,5 > 0.

6. There are integers i1,1i2, 1,72 such that 0 < iq,i9,1,j2 < V2rtu—1
(i1,71) # (i2,j2) and such that o, gy = iz gso-

7. |Gyl divides pitdit — pi2di2.

8. From the fact 22° > nV? it is easily deduced that for all v > 0,

2510 > pV2' T 1 particular, 227 > V2T

9. From the fact (1+m#0) € G, for all m € S we deduce, just like we have
done in the section where we dealt with this case, that G, contains 2"
different monomials over F,,. Hence, |G| > 2%".

10. From items 6, 7, 8 and 9 we can deduce that d = 1 so n = p.
11. Since n is not a non trivial perfect power then we must have n = p.
[ |

Corollary 3.5.1. If n,k,a,u are as in the previous them:em then the pri-
mality of n can be determined in 22— omax(s+2(u=1)=k0)j((logn)?) time.
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Proof. As in the analysis of complexity of the previous sections. |

To be more precise about this result A,, the algorithm associated to The-
orem 3.5.1 and C(A,) its complexity. Corollary 3.5.1 implies that C'(A,) =~
240w (A) if k < 2% and C(A,) ~ 22D (Ay) if k > 25121,
Even more precise, C(A4,) ~ 241~ min(max(k=s,0),2(u=1) ¢'(A;).
Note also that in the unconditioned case (u = k) the complexity is 2*#=19((logn)%)
which is polynomial time only for values of k not too large.

3.5.2 Case 2: n=—1 (mod 4).

First of all let’s note the following:

Remark 2: If b,c are given integers such that (%) = —1 then a =
(bc™1)? 4 1 satisfies (%) = (I_Ta) = —1. This is easy to verify noting that

(;1) = —1 since n = —1 (mod 4). Alternatively, we could replace the poly-

n
nomial in the algorithm by the polynomial 227 2ba? 4 (b2 + c?), which is

n—1

also irreducible in Fy, under the assumption (b*+c*)"z2 = —1 (mod n) and
(z+1iy)" = (x — iy) (mod n).
Like we have seen for the case n = 1 (mod 4), similarly, when n = —1

(mod 4) we have the following theorem, that we state without proof for the
same reason.

Theorem 3.5.2. Let n = —1 (mod 4) and let k = vo(n + 1). Also let
s = [2loglogn| and t = s+ 1. Let o € Z[i] and u a positive integer,

2
1 <u < k+1 and such that a"Fm o= 1 (mod n). Suppose that every
positive integer less or equal than 20ax(s—k+2(u=1).0)+1 j¢ coprime with n.
Suppose also that for every m < 2maX(—k+2w=1.0) o have (1 + maz)* =
(1+ma™) (mod n, 22" ™" —a) and that n is not a non trivial perfect power.
Then, n is prime.

Corollary 3.5.2. If n,k, o, u are as in the previous theorem, then the pri-
mality of n can be determined in 22422X(sH2(u=D=k0)y((logn)*) time. In
other words, if we call these tests By, then C(B,) ~ 4C(A,).

3.6 Conclusions and Conjecture

In practice, it is clearly desirable to apply Algorithm 1 or Algorithm 2
when possible.

In the worst case (v2(n — 1) = k = 2), Algorithm 1 runs at least 2!
times faster than the best possible running time of the AKS algorithm for
primes n large enough. Hence, the worst case of Algorithm 2 runs 2°
times faster than the best possible case of AKS. This occurs because the

44



2
main step of Algorithm 1 executes at most 2572 < % iterations, each

of which consists in multiplying polynomials of degree at most (logn)2. In
contrast, in the best possible case AKS executes 8(logn)? multiplications of
polynomials of degree at least 64(logn)?. When k is large the difference in
the performance improves dramatically.

For implementation, if no integer a satisfying (%) = —1 is known a priori,
then a search for such an a within a reasonable range should be implemented.
In addition, if this fails to produce such an a, then a search for a small value
of u would be useful.

Note that if & > 1/2logn then Algorithm 1 and Algorithm 2 run in
J((logn)?) time. Also, while k increases from 2 to [2loglogn] the running
time improves up to J((logn)*). But when k varies from [2loglogn] to
[1/21og n] there is no more improvement in the speed of our algorithm. Here
we believe one should attempt to sharpen the algorithms because the order
of the group Gy can be proven to increase together with k, in such a way
that it forces s, that is the smallest solution of |G| > n25/2 , to decrease.
To be precise we formulate the following conjecture:

Conjecture 3.6.1. Algorithm 1 and Algorithm 2 can be modified in
such a way that while k increases from 2 to (1/2)logn the complexity of both
algorithms decreases from 9((logn)®) to ¥((logn)?).
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Chapter 4

Lenstra and Pomerance

The algorithm we are now going to present is a deterministic primality test
that decides, in time 9(log® n), whether an input integer n is prime or not.

4.1 Introduction

We have seen that the AKS algorithm with Lentra’s variant works in time
19(10g21/2 n) and we have argued that the true run time of this algorithm
may reasonably be conjectured to equal @(logG n). Lenstra and Pomerance’s
algorithm, that we are now going to analyse, achieves the same run time
not by proving their conjectures, but by modifying their algorithm. Both
the AKS algorithm and this one perform computations in a suitable ring
extension of the ring Z/nZ of integers modulo n; if d denotes the degree
of the extension, the problem of obtaining a small run time exponent boils
down to providing a good upper bound for the smallest d that can be used.
In the AKS algorithm we have used the ring (Z/nZ)[z]/(z%—1), and Agrawal
et al. found that the problem of accurately estimating the least usable value
for d leads to an unsolved problem in analytic number theory. Therefore,
in this algorithm we select our ring extension from a much wider class, for
which estimating d becomes feasible. The ring extensions of Z/nZ that we
use shall be referred to as pseudofields.

4.2 Pseudofields

Definition 4.2.1. A pseudofield is a pair (A, ) consisting of a ring A and
an element o € A, such that for some integer n > 1, some integer d > 0,
and some ring automorphism o of A, the following conditions are satisifed:

charA = n, (4.1)

#A <n?, (4.2)
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oca=a", (4.3)

cla = a, (4.4)

djl

o'a—ae A" for each prime number [ dividing d. (4.5)

4.2.1 Algebraic properties of pseudofields

We are now going to see the basic algebraic properties of pseudofields.
First let’s state the following condition: for a ring A, an element « € A, and
a ring automorphism o of A, we will have occasion to refer to:

oo belongs to the subring of A generated by a. (4.6)
This condition is implied by condition (4.3), if n is a positive integer.

Lemma 4.2.1. Let A be a ring, let o € A, let Z~o, and let o be a ring
automorphism of A such that (4.4),(4.5) and (4.6) are satisfied. Then, for
any i,j € Z with i Z j (mod d) one has o'a — o/ € A*,

Proof. Let h € Z,h & dZ, and let I = (c"a — a) be the A-ideal generated
by (c"a —a). Theset B= {8 € A:c"B = (mod I)} is a subring of A.
Since, obviously, c"a = o (mod I), we have o € B and, by (4.6), ca € B;
that is, choosing 8 = oa, we have o"*la = oo (mod I), which implies that
o(o"a — a) belongs to I, and, therefore, oI C I. On the other hand, since
o maps oa — a to itself, we actually have oI = I, so for all m € Z one has
o™l =1.

It follows that the set H = {m € Z : c™a = « (mod I)} is a subgroup of Z.
It contains d and h, where h & dZ, so we have H = d'Z where d’ is a divisor
of d with 1 < d < d. Choose a prime number [ that divides d/d’. Then
d/l € dZ =H, so 0¥'a —a € I. Thus by (4.5) the ideal I contains a unit,
and therefore I = A. This implies oo — o € A*. Now let i,j € Zji # j
(mod d). Then the integer i — j does not belong to dZ, so by the result just
proved we have 0 Ja — a € A*. Applying 0/ we find o'a — o/a € A*, as
required. [ ]

Lemma 4.2.2. Let A be a ring, let k € Z>o, and let a1, 00,...,04, € A be
such that oy — aj € A* whenever 1 < i < j < k. Then for each g € Alx]
which vanishes at aq, o, . .., a, we have g € Alx] - Hle(x — )

Proof. Let I; = Alz]- (z — o), for 1 < i < k. For i # j, the unit oy — 5 can
be written as —(z —ay)+ (z — ), so I;+1; = A[x] that means that I; and I;
are co-prime, which implies that Hle I; = ﬂle I;. From x = «; (mod ;)
we obtain g = g(a;) (mod I;) for each g € A[z], so if each g(a;) vanishes,
then we have g € ﬂle I, = Hle I; = Alz] - Hle(x — «;), as required. W

The following result summarizes the technical information on pseud-
ofields that we shall need.
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Proposition 4.2.1. Let A be a ring, let o € A, and let the integers n € Zq,
d € Z~o and let the ring automorphism o of A satisfy (4.1), (4.2), (4.4), (4.5)
and (4.6). Then we have:

(a) for each 8 € A there are unique ag,ai,...,a4-1 € (Z/nZ) with f = Zf:_ol a;l;

(b) we have #A =n?, and 0% equals the identity;

(¢) the polynomial f = Hf:_ol (x — o) belongs to the subring (Z/nZ)[x) of
Alz);

(d) the ring homomorphism (Z/nZ)[x] — A sending x to « is surjective,
and its kernel is generated by the polynomial f from (c);

(e) if I C A is an ideal, then we have ol C I if and only if there exists a
divisor m of n such that I = mA;

(£) for each prime factor p of n there exists a unique residue class (i modd)

such that for all B € A we have 3P = o' (mod pA).

Proof. Let’s denote  : (Z/nZ)[x] — A the unique homomorphism which
sends = to a as in (d). This homomorphism maps each g € (Z/nZ)[z]
to g(a). Let’s now suppose g € ker( ), then for each i € Z, we have
g(c’a) = a'(g(a)) = o*( (9)) = 0 and, by Lemma 4.2.1, we have that
ola — ola € A* for i # j (mod d); so, applying Lemma 4.2.2, we ob-
tain that g € A[z]f, where f is as in (¢). Let  be the restriction of

to (Z/nZ) + (Z/nZ)x + ...+ (Z/nZ)x"'. Since each non-zero g € Alx]f
has degree at least d, this implies

ker( )N ((Z/nZ) + (Z/nZ)x + ... + (Z/nZ)x?"") = {0},

so that ker( ) = (0) and, therefore, this restriction is injective. Moreover, we
know that there are n? elements is ((Z/nZ) + (Z/nZ)x + ...+ (Z/nZ)x?1)
and, from (4.2), we also know that #A < n?; so, since " is injective, it must
be surjective as well and we must have #A4 = n?. This proves (a), the firs
statement of (b), and the surjectivity in (d). Since each element of A can
be expressed in «, the second statement of (b) follows from (4.4). Applying
(a) to B = a, one finds ag, a1, ...,aq-1 € Z/nZ for which the polynomial
g = z¢ — Z?;()l a;x’ = 2% — o belongs to ker( ); hence g € Alz]f, and
comparing degrees and leading coefficients one finds ¢ = f. This implies
(c). We have ker( ) = Alz]f N (Z/nZ)[x] = (Z/nZ)]x]f, the latter equality
because f is a monic polynomial in (Z/nZ)[z]. This proves the remaining
assertion of (d).

The "if"-part of (e) is clear. For the "only if"-part, let I be an ideal of A with
ol C I, and let A be the ring A/I. From oI C I it follows that o induces
a ring homomorphism & : A — A. From (b) one sees that &7 is the identity
on A, so & is an automorphism of A. Put m = charA. Then m divides n,
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and we have mA C I, so from (a) we see #A = #A/I < #A/mA = m?,
with the equality if and only if mA = I. We claim that (4.1), (4.2), (4.4),
(4.5) and (4.6), with A, m, d, @ and @ = a (mod I) in the roles of A, n, d,
o and «, are satisfied. We have just proved (4.2); (4.1) is true by definition;
(4.4), (4.5) and (4.6) follow from the corresponding properties of A, n, d, o
and a. Hence, applying (b) to this new situation, we find #A4 = m?, so that
mA = I. This proves (e).

To prove (f), we replace, for notational convenience, n and A by p and
A/pA, so that we may assume n = p. Let ¢ : A — A be the ring ho-
momorphism that maps each 8 € A to P, and let g € (Z/nZ)[z] be such
that ca = g(a). If p: A — A is any homomorphism with op = po, then
we have o(pa) = p(oca) = p(g(a)) = g(pa). Applying this to p = ¢ and
to p = o', where i € Z, we obtain o(¢a) = g(¢a) and o(c'a) = g(oia)
and therefore o(¢a) = o(o’a) (mod ¢pa — o'a)A. Hence, for any i € Z,
the ideal I = (¢ — o'a)A satisties oI C I, so by (e) and the fact that n
is prime, we have that I = A or I = nA; since A = A/pA with p = n,
nA = nA/nA = 0. So we have that ¢pa — o'« is either a unit or 0. From
150 (6o — o'a) = f(¢a) = ¢(f(@)) = d([T{2g (@ — ola)) = ¢(0) = 0P = 0, we
see that not all pa — o*«a can be units, so at least one of them is 0. Then we
have ¢a = o', s0 ¢ = o by (a). The uniqueness of i mod d follows from
Lemma 4.2.1. This completes the proof. ]

Proposition 4.2.2. Let (A,«a) be a pseudofield and let n, d be as in the
definition. Then there is a unique monic polynomial f € (Z/nZ)[x| with the
property that there is a ring isomorphism (Z/nZ)[x])/(f) = A that maps the
coset  (mod f) to a. In addition, the degree of this polynomial equals d.

Proof. Since (4.3) implies (4.6), Proposition 4.2.1 applies. The existence of
f follows from 4.2.1(d). No two distinct monic polynomials in (Z/nZ)[z]
generate the same ideal, so f is unique. From 4.2.1(c) we deduce deg f = d.
This completes the proof. |

The polynomial f from the above proposition and its degree d are called
the characteristic polynomial and the degree of the pseudofield, respectively.
The proposition implies that each element of A can in a unique way be writ-
ten as g(«), where g € (Z/nZ)[z] satisfies degg < d. This implies that
equality holds in (4.2). It also implies that, as a ring, A is generated by «,
so that the automorphism o of A is uniquely determined by (4.3); we refer
to it as the Frobenius automorphism of the pseudofield.

Finite fields yield pseudofields, as explained in the following result.

Proposition 4.2.3. Let p be a prime number, let A be a ring of characteristic
p, and let « € A. Then (A, «) is a pseudofield if and only if A is a finite field
satisfying A = Fp(o). In addition, if (A, a) is a pseudofield, and o denotes
its Frobenius automorphism, then for all B € A we have o3 = (P,
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Proof. j

For the "if"-part let’s assume that A is a finite field with A = Fp(a). Let
d=[A:Fp] and let’s define o : A — A by putting o5 = P for every g € A.
Now (4.1), (4.2), (4.3) and (4.4) are obvious. Moreover, if [ is a prime number
dividing d, then %! is not the identity, so by A = F,(a) we have oc¥'a # «;
since A is a field, this implies (4.5).

To prove the "only if"-part and the last statement of the proposition, let’s
assume that (A, «) is a pseudofield. Let d be the degree and o the Frobenius
automorphism. Since p is prime, the map A — A sending each 8 to P is
a ring homomorphism. It agrees with o on «, so by 4.2.1(a) on all of A,
which is the last statement of our proposition. To prove that A is a field,
we let § € A, and we prove that 8 equals 0 or is a unit. Put I = AS. From
of = PP we see that oI C I, so by 4.2.1(e) and the fact that p is prime, we
have I = A or I = pA = 0. In the first case 5 is a unit, in the second case it
equals 0. Thus, A is a field. By 4.2.1(a), it is finite, and we have A = F, ().
This completes our proof. |

4.2.2 Primality testing with pseudofields

We are now going to see that, for the purpose of primality testing, pseud-
ofields can play the role that the rings (Z/nZ)[z]/(z? — 1) play in the AKS
algorithm with Lenstra’s variant.

Lemma 4.2.3. Let R be a ring, and let G be a finite subgroup of R* such
that for each B € G, B # 1 we have 5 —1 € R*. Then G is cyclic.

Proof. We may clearly assume R # {0}, so that we can choose a maximal
ideal M of R. Let v be the natural group homomorphism ~ : R* — (R/M)*.
For each 8 € G, f # 1, the unit § — 1 does not belong to M, so that
B & ker(y). Hence the restriction of v to G is injective, and G is isomorphic
to its image in (R/M)*. Since any finite subgroup of the multiplicative group
of a field is cyclic, then G is cyclic. |

Let (A, «) be a pseudofield, and denote n, d and o its characteristic, its
degree and its Frobenius automorphism, respectively. We let p be a prime
divisor of n, and put R = A/pA. We shall simply write « for the image of «
in R, and o for the automorphism of R induced by o. Note that conditions
(4.1), (4.2), (4.4), (4.5) and (4.6), with R, o, p, d and ¢ in the role of A, a,n,d
and o, are satisfied, so that Proposition 4.2.1 can be used. As we have seen
in the proof of Proposition 4.2.3, by 4.2.1(e) applied to I = R we have that

if B € R satisfies 08 € RS, then 8 =0or 3 € R*. (4.7)
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We put
G={B€R:B#0,08=p"}.

For any 8 € G, we have o = " € Rf3, so € R* by (4.7). Since G is
finite, closed under multiplication and contains 1, it is a subgroup of R*.
Moreover, for any § € G, 8 # 1, we have 08 = " =1mod R- (8 — 1), so
o(f—1) € R-(B—1) and, again by (4.7), 8 —1 € R*. Thus, Lemma4.2.3
implies

G is a cyclic subgroup of R*. (4.8)

Lemma 4.2.4. If #G > nV /3 _ 1, then n is a power of p.
We will not deal with the proof of this lemma.

Proposition 4.2.4. Let (A,«) be a pseudofield of degree d with Frobe-
nius automorphism o, and let n = charA. Suppose that for each a =
1,2,..., [(d/3)1/2(logn)/log2] we have o™ + a = (a+ a)". Suppose also
that we have d > (logn)?/ (3 - (log 2)?), and that n has a prime factor greater
than (d/3)Y/?(logn)/log?2. Then n is a power of a prime number.

Proof. Let’s write B = [(d/3)"/?(logn)/log2]. When d = (logn)?/3 - (log 2)?

1/2
we have B = (9(.185;2))22) -logn/log2 = 3.1((1)(%;;)2 = d and therefore,

d > (logn)?/ (3 - (log2)?) implies d > B.

We apply the results that we have just seen to a prime factor p of n that
satisfies p > B. Since (A4, «) is a pseudofield, we know, by condition (4.3),
that oo = o™, from which we can deduce that the element o of R = A/pA
belongs to the subgroup G of R*. From o(a+a) = ca+a = a"+a = (a+a)"
for a = 1,2,..., B and from 4.2.1(a),which implies each o + a # 0, we see
that « + 1, ¢+ 2,...,a + B also belong to G. For each proper subset S of
{1,2,..., B}, the element [],s(a+a) also belongs to G. There are 2871 —1
such sets S, and we claim that they give rise to 281! different elements of G.
To prove this, note that by p > B the polynomials z+a, a =0,1,..., B are
distinct in Fp[z], and that by unique factorization in Fp[z| the polynomials
[I.cg, with S as above, are pairwise distinct. By d > B, all these polynomi-
als have degrees smaller than d, so by 4.2.1(a) (applied to R) they give rise
to 281 — 1 different elements [[,.g(a + a) of G, as asserted.

It follows that we have

#G > 9B+l _ 1 < 2(d/3)1/2(10gn)/10g2 1

since 2 = 082

, we have
2(d/3)1/2(10gn)/10g2 1= elogn\/m-(logQ/logQ) 1 =pVd3 _ 1.

Thus we have

#G >nVY3 1.
Applying 4.2.4 we conclude that n is a power of p. ]
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4.3 Algorithmic aspects of pseudofields

Proposition 4.2.2 shows that a pseudofield is, up to isomorphism, deter-
mined by its characteristic n and its characteristic polynomial f. We shall,
for algorithmic purposes, always assume a pseudofield to be specified by
the pair (n, f), the polynomial f being represented by its vector of coeffi-
cients; this applies in particular when a pseudofield forms part of the input
or output of an algorithm. The pseudofield represented by (n, f) equals
((Z/nZ)[x]/(f),x mod f), and its elements are represented as polynomials
in (Z/nZ)[x] of degree smaller than the degree d of the pseudofield. It is
well-known that there are algorithms that, given n, f, and two elements of
(Z/nZ)[z]/(f), compute the sum and the product of this two elements within
time 9(dlogn) [see 14].

As a consequence, testing the equality o + a = (a + a)” from Proposi-
tion 4.2.4 for a single value of a in Z/nZ can be done in time 9 (d(logn)?),
and for about (d/3)'/?(logn)/log 2 values of a in time J((d"/?logn)?). This
time bound will equal the required time bound (J((logn)®)) if we use a
pseudofiled for which the degree d is, as a function of n, not too much larger
than the lower bound (logn)?/(3- (log 2)?) from Proposition 4.2.4. Thus, we
are faced with the problem of constructing a pseudofield of given character-
istic and approximately given degree. In order to solve this problem, we are
now going to introduce some definitions.

Definition 4.3.1. Let n € Z,n > 1. By a period pair for n we mean a pair
(r,q) of integers with the properties

ris a prime not dividing n, (4.9)
q|r—1withgqg>1, (4.10)
the multiplicative order of n"~1/¢ modulo r equals g. (4.11)

(4.11) implies that n"=1/9 £ 1 (mod r). Further,

Definition 4.3.2. A period system for n is a finite set P of period pairs for
n such that

ged(q,¢') = 1 whenever (r,q), (',¢') € P, (r,q) # (', d), (4.12)
and the degree of P is H(r,q)eP q.

4.3.1 Gaussian Periods

In this section we let n be an integer with n > 1. Let r be a prime num-
ber not dividing n, and define ®, = 22;01 € (Z/nZ)[x]. The element
(z mod ®,) of the ring (Z/nZ)[x]/(P,) is denoted by (., and that ring itself
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by (Z/nZ)[¢;]. We have ¢, =1 # (, so ¢ is an element of (Z/nZ)[(|* of
order r. From deg®, = r — 1, we know that v € (Z/nZ)[(;] means that
v=ag+ a1l + ...+ ar_2§$_2 with ag,...,ar,—o € Z/nZ; this implies that
{1,¢r, ..., ¢072} generate (Z/nZ)[¢.]. Thus, also {1,¢,...,¢ 72,71} gen-
erate this ring and, since 1 = — (¢ + ...+ (7~ !) we see that the elements (¢,
1 <i<r—1, form a basis for (Z/nZ)[¢| over Z/nZ.

For each a € Z,a ¢ rZ, the ring (Z/nZ)[(;] has a unique automorphism
mapping ¢, to (%; we write o, for this automorphism. The set A of all auto-
morphism of the form o, is a group under composition, and the map o, — a
(mod r) is a group isomorphism A = F*. We can conclude that A is cyclic
of order r—1, and that, for 7 € A, the elements 7, = (¢ with 1 <a <r—1,
form a basis for (Z/nZ)[(,] over Z/nZ.

Next let ¢ be a positive integer dividing 7 — 1. Then A? = {79: 7 € A} is
a subgroup of index ¢ of A. The subset (Z/nZ)[(,]*" = {B € (Z/nZ)[(,] -
pB = B Vp € A1} is the set of all the elements of (Z/nZ)[¢,] which are
invariant under all p € A? and is a subring of (Z/nZ)[(;]. An element
W= _calr T(, with each a, € Z/nZ, belongs to this subring if and only
if pw =w Vp € A% We have pw = > __a ar - p7¢r. Let’s call § = pr, then
we have pw = Y 5o Ggp-1 - 6. Since both 0¢ and 7¢,, with 7,0 € A, form
a basis for (Z/nZ)[(] over Z/nZ, we have w = pw if and only if as,~1 = as
which is the same as ar = a,, for all 7 € A, p € AL

Note that if 7,72 € A and 1 A? = 1oAY then ar;, = ar,.

We know that [A : AY] = {1 A9, A, ... 7,A%} which means that V7 € A, 3!i 3l p
such that 7 = 7;p. So we have

q q q
W = g ar - TCT‘ = § g ar - TC’I" = E § Qrp * TipCr = § ar; § TipCr
TEA i=1 rer; Al i=1 peAd =1 peEAT
q
= E Qr; = Ty E PGr
=1 pEAY

If we put 7.4 = EpEAq pCr, then 37 1 ar - 75(1y,q) = 0 means w = 0, but
this implies that all the coefficients are equal to 0, since the elements 7¢,
form a basis for (Z/nZ)[¢;] over Z/nZ. Therefore, the elements 71, 4, with
T ranging over a set of coset representatives for A modulo A?, form a basis
for (Z/nZ)[¢]2" over (Z/nZ); in particular we have #(Z/nZ)[(,]*" = nd.

Definition 4.3.3. The elements 0,4 are called Gaussian periods of degree
q and conductor r.

We have, for example, 1, ,-1 = n, and 7,1 = —1. Let’s write
frq = H (Y = Trq)-
TAIEA/AY
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This is a monic polynomial in y of degree ¢ with f, 4(7,4) = 0. Its coefficients,
which belong to (Z/nZ)[(], are invariant under all p € A, so they belong to
(Z/nZ)[¢ )™ = (Z/nZ) -0y = Z/nZ. Thus, we have f,, € (Z/nZ)y).

Proposition 4.3.1. Let n € Z,n > 1, let r be a prime number not di-
viding n, and let q be a divisor of r — 1 with the property that the element
(n"=D/4 mod r) of F* has order q.

Let the notation Gp, 04, AN, Mg, frq be as just defined. Then we have:

(a) if n is prime, then in the ring (Z/nZ)[(;] we have 0}, = Ontlrq;

(b) if in the ring (Z/nZ)[¢:] we have 0}, = ounrq, then ((Z/nZ) (G2 rg)
is a pseudofield of characteristic n and degree q, with characteristic
polynomial fr 4.

Proof. To prove (a), let’s suppose that n is prime. Then the map from
(Z/nZ)[¢] sending each 5 to 8™ is a ring homomorphism, and since it agrees
with oy, on ¢, it coincides with o, on all of (Z/nZ)[(,]. This implies (a).
To prove (b), let the group homomorphism v : F: — F; sending each z
to x("=1/4. Then ker(y) = F;* which is a subgroup of index ¢ of F, and
therefore, we have #ker(y) = (r — 1)/q. So we have #(F*/F**) = ¢ and
this group is cyclic since it is the quotient of two cyclic groups. We know, by
Fundamental Theorem of Homomorphism, that (F*/F**) ~ $(v) which is
the unique subgroup of F;* of order q. Moreover, we have y((n mod r)F}*) =
n("=D/4 mod r which, therefore, belongs to () and, by hypothesis, has or-
der q. Thus, (F*/F") is generated by (n mod r)F;*. Let’s now consider
the isomorphism 6 : F* — A which maps n (mod r) to o,. We have just
seen that (F}/F") =< (n mod r)F;}* >, so we can deduce, by considering
the images of 0, that A/A? is generated by o, AY.

Let’s write, for brevity, A = (Z/nZ)[¢,]*" and let’s define the ring homomor-
phism ¢ : (Z/nZ)[y] = A by ¢(g) = g(nrq). The image of ¢ is the subring
of A generated by 7, 4. Let’s denote S this subring. From onnq = 1y, it
follows that S is mapped to itself by o,. Since A is invariant for A?, all the
elements of A? act as the identity on A, and since 0,A? generates A/AY,
then S is mapped to itself by all 7 € A. Hence, in addition to 7,4 it con-
tains all 77, , which is a basis for A, so we have S = A; in other words, ¢
is surjective. We know that f (1) = 0; this implies that the kernel of ¢
contains the (Z/nZ)[yl-ideal generated by f; 4.

Let’s note that, since #A4 = n9, then ker(¢) has index n? in (Z/nZ)[y]
because (Z/nZ)[y]/ker(¢) ~ A by Fundamental Theorem of Homomor-
phism that can be applied for the surjectivity of ¢; besides we know that
#((Z/nZ)[y]/(h(y))) = n8") and, since deg(f,,) = ¢, we have #(Z/nZ)[y]/(frq))) =
n4. Thus we can deduce that both ker(¢) and the (Z/nZ)[y]-ideal generated
by frq have index n? in (Z/nZ)y], so they must be equal. Thus, ¢ induces
a ring isomorphism (Z/nZ)[y] = A.
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We prove that A, = 1,.4,n,d = q and o equal to the restriction of o, to A,
satisfy conditions (4.1)-(4.5).

Conditions (4.1), (4.2) and (4.3) are clearly satisfied. Since A is invariant
for A?, we have that pa = a for all a € A, p € AY. From o}, € A? we know
that we can choose p = o}, from which we deduce condition (4.4).

We are now going to prove condition (4.5). Since 0, A? generates the group
A/A? of order ¢, we may rewrite the definition of f, 4 as

q—1

fr,q = H (y - nr,q) :

=0

Therefore, calculating the derivative f7’,7q = df,q/dy, we have

q—1 [qg—1

fra= Z H(y = 0"1lrq)
j=0 \ i=0
i#]

and, separating the case j = 0, we have

q—1 qg—1 [q—1

f7[’7q = H(y - Jznr,q) + H(y - Ulnr,q)
i=1 j=1 \ i=0
i#]

The second term of this addition is a sum such that, in the case f,ﬁ’q(nr7q),
any addend is a product in which the factor with ¢+ = 0 is equal to 0 and,
therefore, this sum is equal to 0. Thus,

q—1

f;,q(nr,q> = H(nr,q - Uinr,q)-

i=1

So to prove (4.5) it will suffice to prove f;  (1,4) € A*.

Let p be a prime number dividing n.

Taking the isomorphism (Z/nZ)[y]/(frq) = A C (Z/nZ)[z]/(£=) modulo
p, we see that the ring Fy[y|/(f), where f = f., (mod p) € Fp[z], is iso-
morphic to a subring of Fp[z]|/(g), where g = Z;’:—& z'. Since g divides
" — 1, where r is a prime number different from p, we have that g is
squarefree in the ring Fp[z] and, therefore, ged(g,dg/dx) = 1 in the ring
Fp,[z]. From Lemma 4.3.1, stated and proved below, it follows that we have
ged(f,df/dy) = 1 in the ring Fply]. Thus, there are u,v € F,ly] with
uf+vdf/dy = 1. Lifting u, v to (Z/nZ)[y], we obtain uy, vy, w, € (Z/nZ)[y]
such that wp frq +vpfr, = 1+ pwp. Since they are polynomials in (Z/nZ)[y]
we can apply ¢ to up, vy, wp; s0 we have ¢(upfrq +vpfi,) = &(1 + pwy)
which is ¢(upfrq) + d(vpf; ) — d(pwp) = 1. We know that ¢(h) = h(n,)
for all h € (Z/nZ)]y] and, therefore, we have up(1rq) - frq(Mrq) + Vp(Mrq) -
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Jrq(rg) — - wp(nrg) = 1, but we also know that f,4(n-4) = 0. So we
get, for each prime number p dividing n, an identity in A of the form
Vp(Nrq) = frq(rg) — P - wp(nrg) = 1. Take the product over p, repeating
the pth identity just as many times as p occurs in n. On the right, we get 1.
On the left, the only term that does not have a factor f; (1) is divisible
by n and is therefore 0. Hence, 1 is divisible by f; , in A, so that the latter
element is a unit, as required. The formula we gave for f,, shows that it is
indeed the characteristic polynomial for the pseudofield. |

Lemma 4.3.1. Let p be a prime number, and let f,g € Fylz] be non-
zero polynomials for which the ring Fp[z]/(f) is isomorphic to a subring of
Fylz]/(g). Suppose also ged(g,dg/dx) = 1. Then we have ged(f,df/dx) =
1.

Proof. A non-zero polynomial h € F,[z] satisfies gcd(h,dh/dz) = 1 if and
only if h is squarefree in the ring Fp[z], and if and only if there is no non-
zero nilpotent element in the ring Fy,[x]/(h). Thus, ged(g,dg/dz) = 1 implies
that there is no non-zero nilpotent element in F,[z]/(g). From the trivial
observation that if a ring has no non-zero nilpotent element, then the same is
true for a subring, it follows that the subring of Fy[z]/(g) that is isomorphic
to Fplz]/(f) has no non-zero nilpotent element and, therefore, Fp[z]/(f)
neither. Thus, ged(f,df/dx) = 1. [ |

4.3.2 The algorithm

Algorithm A. We next describe an algorithm that, given an integer n > 1,
which may or may not be prime, and a period system P for n satisfying
n > H(m)e p ¢, attempts to construct a pseudofield of characteristic n and

degree H(r,q)eP q.

Step 1. For all (r,q) € P in succession, do the following. Compute 7, , €
(Z/nZ)[¢r] as well as all of its conjugates 77,4, and form the product of
the ¢ polynomials y — 77,4 in the polynomial ring (Z/nZ)[(|[y]; the re-
sult is f,q, which has coefficients in the subring Z/nZ of (Z/nZ)[¢]. If
n is not known to be prime, compute by an nth powering in the ring
(Z/nZ)[y]/(frq) the unique polynomial g, € (Z/nZ)[y] satistying y" = grq
(mod frq) and deg()grq < ¢, and test whether in the ring (Z/nZ)[(,] we
have gy q(1r,q) = onnrq; if this test fails, declare n composite and halt.

Step 2. [If the algorithm arrives at this point then, as we are going to prove
below, for each (r,q) € P the pair (n, fr4) specifies a pseudofield.] Applying
the algorithm of A.1.5 at most #P — 1 times, either find a prime factor of
n that is at most H(T’q)ep q, or construct the repeated tensor product of the
# P pseudofields specified by the pairs (n, fr4) for (r,q) € P. In the former
case, declare n composite and halt, and in the latter case return the tensor
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product computed by the algorithm and halt. This completes the description
of Algorithm A.

Proposition 4.3.2. Algorithm A, on input n, P satisfying n > H(r,q)eP q,
runs in time

] H q+ Z qr | logn or o H q+z (r+logn) | logn

(r,g)eP (r,q)eP (r,q)eP rqEP

according as n 1s or is not known to be prime, and either correctly de-
clares n composite or constructs a pseudofield of characteristic n and degree

H(T’,q)EP q.

Proof. We first prove the correctness of the algorithm. By f, ;(7r4) = 0, the
congruence y" = gr4 (mod f.4) in Step 1 implies g, 4(7rq) = 7,y Thus, by
Proposition 4.3.1(a), the condition g, (nrq) = Onnrq is necessary for n to
be prime, and the algorithm is correct if it halts in Step 1. If it passes Step
1, then by Proposition 4.3.1(b) there is, for each (r,q) € P, a pseudofield
od characteristic n with characteristic polynomial f,,. Hence by A.1.5 the
algorithm constructs the desired tensor product, or it finds a prime factor
of n that is at most H(r,q)eP q; in the latter case, n is composite because
n > H(r,q)ep g. This proves the correctness of the algorithm.

The run time of Step 1 is dominated by the computation of the polynomials
frq and, if n is not known to be prime, the polynomials g, and their values
at 7.4. The computation of f, 4, if done by means of ALGORITHM 10.3
from [15] , runs in time 9(¢rlogn). The computation of g, , involves ¥(log n)
multiplications in the ring (Z/nZ)[y]/(frq) and can therefore be performed
in time 9(q - (logn)?). The computation of g, (7 ,) runs in time 9(qrlogn).
By A.1.5, Step 2 runs in time 9(logn - | ) |

We can now state the following result which is an immediate corollary of
this proposition:

Proposition 4.3.3. There is an algorithm that, given an integer n with
n > 1 and a period system P for n satisfying n > H(r,q)eP q, either correctly
declares n composite or constructs a pseudofield of characteristic n and degree
[ ep @ and that runs in time

=Y

H q+z (r+logn) | logn

(rq)epP S

In addition, if n is prime, then it is not declared composite, so that the al-
gorithm returns a pseudofiled; whence by Proposition 4.2.3, its characteristic
polynomial is irreducible in F[z]. This leads to the following resutl:
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Proposition 4.3.4. There is an algorithm that, given a prime number p
and a period system P for p satisfying p > [] rg)ep 45 constructs a monic
irreducible polynomial f € F,lx] with deg f = (rp)ep ¢ and taht runs in

time
v H q+ Z gr | logp

(r,q)eP (r,q)eP

4.4 The continuous Frobenius problem

The famous Frobenius postage problem asks for the largest number which is
not in the additive semigroup generated by a set of coprime positive integers.
We are now going to see a new result of Bleichenbacher [17] that might be
considered a continuous version of this problem.

Theorem 4.4.1. Suppose S is an open subset of the positive reals that is
closed under addition, and such that 1 € S. Then for any number t € (0, 1],
we have [gq da/z < t.

Proof. If S is an open subset of the positive reals, let
dz

M) = | 5

Let S be as in the hypothesis of the proposition, and first suppose that
Sy := 8N (0,¢) is a finite union of open intervals; that is, for some positive
integer n,

where
t>by>ap > > by >an > 0. (4.13)

Let a= (a1,...,ay), b= (b1,...,b,). We claim that the condition that 1 is
not in the additive semigroup generated by S; is equivalent to the assertion:
for each vector he (N>q)",

h-b > 1limpliesh-a > 1. (4.14)

Let’s suppose that h - b > 1 impliesh-a > 1.

If x €< S; > then © = Y " | ¢is; where, for all i = 1,...,n, a; < s; < b;
and ¢; € N, that means > " ; ¢ja; < x < >, ¢;b;. Let’s now suppose 1 €<
Sy >, then we have > 7" | ajc; < 1 < > bici; so choosing h= (c1,...,¢p)
we obtain h-a <1 < h-b which is a contradiction.

Now let’s suppose that 1 €< Sy >.

Let ac = (a1 +¢,...,a, +¢) and b = (by —¢,...,b, —¢) and f : R* = R
which maps a vector x= (x1,...,2y,) to > ;" hyz; = h-x. This function
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is continuous, so we have that if f(a) < 1 < f(b) then there exists e small
enough for which f(ac) <1 < f(be). Now let ¢ = [a1+€,b1 —€] X ... X [an+
€, by, — €] which is convex and let’s consider the restriction of f to ¢ which is
continuous. By an important analytical theorem, we know that f(a.) <1 <
f(be) implies that there exists s € ¢ such that f(s) =Y, hjs; = 1 that is
1 €< S; > which is a contradiction.

We have so proved that 1 €< .Sy >< h-b > 1implies h-b > 1 as required.
So it is never the case that h-a <1 <h-b.

Suppose now that we fix the vector b and assume that

t>by >by>--->b, >0. (4.15)

Consider the set A of vectors a € (Rs()" for which (4.13) and (4.14) hold.
If we have that there exists i for which 1/n € (a;,b;) with n € N then we
have a; < % < b; that means n-a; < 1 < n-b;; let’s choose h= n- e; where e;
is the i-th standard basis vector in R™, then we have h-a <1 < h-b which
is impossible. So no interval (a;,b;) with a € A} can contain the reciprocal
of an integer; therefore, we have each a; > b;/2. For any vector a with each
a; > b;/2,if h-b > 2, then h-a > 1 Thus, the set Ay is defined by the
conditions b; > a; > b;/2 and (4.14) for the finite set of integer vectors h
with 1 < h-b < 2. We conclude that A} is a compact subset of (R)", so
there is a choice of the vector a which maximizes M (S;) for the given vector
b. Call this maximum value M} and assume that a is fixed at a choice which
produces this maximum.

Since empty intervals are allowed, that is, it is possible that a; = b;, it is
clear that if some coordinates of b are deleted to form a shorter vector b’
then My <M,. Thus, by possibly replacing b with a shorter vector, we
may assume that each a; < b;. We are now going to see that we may assume
that each a;—1 > b; for 2 < ¢ < n. Let’s suppose some a;_1 = b;. We
may then consolidate the two intervals (a;, b;),(a;—1,b;—1) into one interval
(aj, bi—1). Indeed, if not, then now 1 is representable by a sum of members
of S; U b;. This sum must involve b; since 1 € < Sy >. Let the coefficient of
b; be a positive integral m. Now, if m = 1, then we have at least another
number in the sum since b; < 1. Let’s replace b; in the sum with b; + ¢, for
a suitable small € > 0, and then replace another member x € S; of the sum
with © — e. If € is small enough, both b; + € and = — € belong to S, and
we have represented 1 as a sum of members of S;, which is impossible. So
we have m > 2. In this case, however, we can replace m - b; with the sum
(m —1) - (b; + =57) + (bi — €) whose members, for a suitable ¢, belong to
St. So we can represent 1 as a sum of members of Sy which is impossible as
well. Therefore, the consolidation of the two abutting intervals continues to
enjoy the property that 1 is not in the additive semigroup generated by the
intervals.

Hence, we may assume that a;—1 > b; for 2 < ¢ < n. Thus, we may assume
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that the vector a satisfies
t>by>a; > > by >ay>0. (4.16)

H():{hE(Nzo)nZh‘a<1},
le{hE(Nzo)n:h‘azl},
HQZ{hG(NZO>n:h'a>1}.

Since each a; > 0, it follows that Hy, H; are finite sets.
We are now going to show that H; is nonempty. Suppose not. Let u=
(1,1,...,1) € (N>g)". We claim that if € > 0 is small enough, then the
pair (a—eu, b) still satisfies (4.14) and (4.16). This would create a choice
for Sy with strictly larger M (S;), a contradiction, thus showing that H;p is
nonempty.
It is clear that we may choose € > 0 small enough so as to preserve the
condition (4.16). For he Hy we have h-b < 1, so that the vectors in Hy
do not pose a problem for condition (4.14), and, since H; is assumed empty,
H; also does not pose a problem. There are only finitely many he Hy with
h-a < 2. We may choose € > 0 small enough so that h-(a —eu) > 1
for all such h. Finally, if h-a > 2, then if we choose € < a,/2 we have
h-(a—eu) =37, h;-(a; — an/2) where each member of the sum is greater
than h;-a;/2 from which we can deduce that h-(a—eu) > th-a > 1. Hence,
as claimed, if € > 0 is small enough, the pair (a — eu, b) still satisfies (4.14)
and (4.16), providing a contradiction which shows that H; is nonempty.
Let he H;. For notational convenience, let an4+1 = bpy1 = 0. And let eg be
the k-th standard basis vector in R™. For k =1,...,n, since h-a =1 and
ap > apy1, we have

h-a—ag+ap1 <1

Suppose that hy > 0. Let h' = h — e, + e in the case that k < n, and let
h’ = h — e;, in the case that k = n. Note that h'-a=h-a—a; +apy1 <1
so we have h’' € Hy. Hence, from (4.14), we have that h’ - b < 1. That is,

h-b—0b,+bp1 < 1.
Using that h € Hy, we get that
h-(b—a)=h-b—1<b;— b1

Thus, we have
hkh : (b — a) < hk(bk — bk+1) (4.17)

an equality that clearly continues to hold even if hy = 0.
Let vé R™ and let « such that b;_1 < a; + xv; < b; Vi and then let

fV(fE) =M U(al + I’Ui,bi)) .

=1
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Note that, using a famous analytic theorem, we have

, - 1
Jv(@) = ; ety Vi

from which we see that fi,(0) = —v - m(a) where m(a)= (1/a1,...,1/an).
Note too that by the maximality of a, if the vector a + xv satisfies (4.14)
and (4.16) for all = in some interval [0, €) with € > 0, then f3,(0) < 0, that is,
v-m(a)> 0. We now show that this event occurs whenever h - v > 0 for all
he Hi. Suppose that this condition holds. Let’s now suppose that we have
h'-(a+2v) <1 <h' b for some h' € (N>¢)™ and let’s see that this leads
us to a contradiction. Since h-b < 1 for all h € Hy, we have h’ ¢ Hy. If
h' € Hy, then h'- (a+av) = 1+zh’-v Vz > 0, where h' - v is greater than 0
by hypothesis, and 2 > 0 by construction, so we have h’- (a+xv) > 1 which
is a contradiction. Thus, we have h’ ¢ Hy. If h € H», since h-a > 1, we
may choose € > 0 small enough, such that, for all h € Hs and all x € [0, ¢),
we have h - (a + zv) > 1 which is a contradiction. Therefore, h’ ¢ Hy. It
follows that for € > 0 small enough, if h-v > 0 for all h € Hy, then a + zv
satisfies (4.14) and (4.16) for 0 < z < ¢, and so v-m(a) > 0.

We now apply a result of Farkas

Lemma 4.4.1. (J. Farkas) Suppose A is an n X u real matriz and m € R™.
Then the inequalities Av > 0, m - v < 0 are unsolvable for a vector v.e R"
if and only if there is a vector p € R* with p > 0 and p’ A = m.

(Saying that a vector is > 0, we mean that each entry of it is > 0). We
apply this lemma to the matrix A whose rows are the u vectors in H; and
to the vector m = m(a). Now,

le . Zln V1 h111)1 4+ hlnq)n hl -V
2, e % V9 h2 v

hei oo ha o hy,v1 + ...+ hy, vp h, v
Where hj, is the i-th entry of h; and h; € H;. Therefore, Av > 0 if and only
it hj -v >0 for all h; € Hy, which, as we have just seen, implies m - v > 0.

Thus, the lemma implies that there is a vector p € R* with p > 0 and
p’A=m. Say p = (p1,...,pu) and H; = {hy,...,h,}. We have

n
(ptA); = ijhji =1/a; = m; for 1<i<n.
j=1

Take 4.17 applied to hj, multiply it by p;, and sum over j. For k =1,...,n,
we have,

> pihy > b (b —ai) < pihy, (b — bega) = (1/ar) (b — brsr).
j=1 i=1 j=1
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Multiplying corresponding inequalities by a; and summing over k, we get

D oard pihg Y hy(bi—ai) <Y (b — bryr)
k=1 j=1 i=1 k=1

=0 — bn—i—l

(4.18)
=b since bp41 =0

The left side of (4.18) is
YopiY arhi Y hj(bi—a)=a-h;y p; > hj(bi - )
7j=1 k=1 =1 7=1 =1
= ij Z hji(bi —a;)
j=1 =1
=D (b —ai) Y pihj =Y (b —ai)/ai.
i=1 j=1

=1

Thus, (4.18) implies that

n

> ((bifai) = 1) < by (4.19)

=1
However,
bi Qg
M((ai, b)) = = log(bi/a;) < (bi/a;) — 1

Hence, by (4.19),

n

M, = Zn:log(bi/ai) < Z(bz/al) —1<b <t

i=1

Since M, < t for each choice of b satisfying (4.15), it remains to handle
the case of S being the union of infinitely many disjoint open intervals. If
S¢(n) is the union of n of these disjoint open intervals with Si(n) C Si(n +
1) and | Si(n) = Si, we have M(Si(n)) < t for each n, and M(S;) =
lim,, oo M (St(n)) < t. This concludes the proof of the theorem. |

4.5 The existence of period systems

The following two sections develop some tools from analytic number theory
which will be used to prove our final auxiliary result: the existence of period
Systems.

In Section 4.5.1 we review some results concerning the distribution of primes
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in residue classes, and give a somewhat weaker, but effective version of the
Bombieri-Vinogradov inequality. (See [5] for a similar result.) We also in-
troduce our major tool, a theorem of Deshouillers and Iwaniec [6]. While
weaker than Fouvry’s theorem, this result is effective in principle.

In Section 4.5.2 we show that there are many primes r with certain con-
straints on the primes in » — 1. For this we refer to a paper of Balog [7].
This paper uses the same theorem of Fouvry as in the case of the AKS al-
gorithm, and also the Bombieri-Vinogradov theorem. To achieve effectively
computable estimates, we use instead the Deshouillers-Iwaniec result and the
effective Bombieri-Vinogradov inequality from Section 4.5.1.

We will only enunciate the results without dealing with the proofs.

4.5.1 The distribution of primes in residue classes

For a natural number ¢, an integer a coprime to ¢, and a real number x, let
7(x,q,a) denote the number of primes p < z with p = a (mod ¢). Also, let

logp if n=p"*, pprime,k>1
Aln)=¢1 ifn=1

0 otherwise.

the von Mangoldt’s function.

Now let
(z,q,a) = Z A(n), 0(z,q,a) = Z log p.
n<w p<z,p prime
n=a (mod q) p=a (mod q)

Now let li(z) = [ ﬁdy. For a fixed € > 0, we have the asymptotic relations:

li(z) oz
©(q) and  (.0,0) ©()q

m(x,q,a) ~

as * — o0, where error estimates may be explicity calculated. For ¢ large
we have either ineffective estimates or inequalities. In this section we record
some effective inequalities for 7(x, ¢, a) that are valid in large ranges for q.

Lemma 4.5.1. [Brun-Titchmarsh inequality] If z > g we have

2z

T S gt

This form of the lemma is due to Montgomery and Vaughan [8]. Note
that the inequality gives an upper bound for 7(x, ¢, a) that is of the expected
order of magnitude, namely z/((q)logz), if ¢ < x'7¢. When ¢ is of order
of magnitude x%, the upper bound provided by the lemma is presumably too
large by a factor 2/(1 — «).
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Lemma 4.5.2. [effective Bombieri-Vinogradov inequality]| There are
absolute, effectively computable positive numbers cg, cy such that for all num-
bers x > 3, there is an integer set S(z) C [(logx)'/? exp((logz)'/?)] of car-
dinality 0 or 1, such that for each number Q € [x'/3logx, x'/?],

/

max max

Yy
2<y<w ged(a,q)=1 (y:0,a) — — | < coz'/*Q(log ) +eor exp <_C7(log x)1/2> ;

©(q)

where the dash indicates that if S(x) = {s1}, then no q in the sum is divisible
by S1.

q<Q

For the proof see [9].

Lemma 4.5.3. With the same notation and hypothesis as in Lemma 4.5.2,
we have

/
E max

cd(a,q)=1
<08 (a,9)

li(z)

_ A~ 1/2 5 _ 1/2
m(z,q,a) (1) < cex/°Q(log x) +012:cexp< c7(logx) ),

where c7 1s as in Lemma 4.5.2 and c12 s an absolute, effectively computable
number.

Lemma 4.5.4. [Deshouillers-Iwaniec| For each integer m with m > 3
there is an effectively computable integer x,, and absolute and effectively
computable positive numbers ci3c14 with the following property. For arbitrary
numbers x,Q with © > x.,, and 12 < Q< xl_l/m, and for an arbitrary
integer a with 0 < |a| < V™, we have

(4/3 + c13/m)x
plog(z/q)

for almost all integers q € [Q,2Q)] with ged(q,a) = 1, the number of excep-
tions being less than Qz—c14/™.

m(x,q,a) <

4.5.2 Sieved primes

In this section we give a lower bound for the distribution of primes r with
r — 1 free of prime factors in some given set. As we have already said, for
the proof we refer to |7|. Before stating this result we present the following
lemma:

Lemma 4.5.5. We have for any real number t > 1 that

L@e®), (a2
2@ o) et ”( )

t
where C is the Riemann zeta-function and where v =Y % (u)(y—log u)/(up(u))
with w | d, p(u) the Mobius function (that is (—1)F if u is a squarefree and
has k distinct prime factors, and 0 otherwise) and 7y is the Euler-Mascheroni
constant.

d<t
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Proposition 4.5.1. For each integer m > 4, there are effectively computable
positive numbers Xp,, 6m, with X, an integer, satisfying the following prop-
erty. If v > X, and Q is a set of primes in the interval (1,x1/2] with

1 3 1

S TR

q€@ e

then there are at least 6,2/(logx)? primes r < x such that every prime
factor q of 1 — 1 satisfies ¢ < Y% and q & Q.

4.5.3 The existence of period systems

We are now ready to prove the existence of period systems.
Also in this section some proofs will not be given.
Let’s first show that there are many period pairs for n.

Proposition 4.5.2. Let n be an integer, n > 1, and let w,y be real numbers.
FEach prime number v satisfies at least one of the following conditions:

(i) the element (n mod r) of F, is either zero or has multiplicative order at
most w.

(ii) There is an integer m composed of primes at most y with m | r — 1 and
m > w.

(iii) There is an integer ¢ with ¢ >y and ¢* | r — 1.
(iv) There is a prime q such that ¢ >y and ged(r, q) is a period pair for n.

Proof. If (n mod r) does not belong to F¥ then (i) holds. So let’s suppose
(nmod r) € F, and let m be the order of (n mod r) in F;*. Then m divides
r —1, so if m < w, then (i) holds. Thus, let’s suppose m > w. If m has
no prime factor exceeding y, then (ii) holds. Suppose therefore that ¢ is a
prime factor of m with ¢ > y; then ¢ equals the order of (n™/% mod r). If
q divides (r — 1)/m, then (iii) holds. If ¢ does not divide (r — 1)/m, then
the element (n("~1/¢ mod r) = (n™/9 mod r)"~1/™ has order ¢, and (iv)
holds. |

Definition 4.5.1. The Dickman-de Bruijn function p(u) is a continuous
function that satisfies the delay differential equation

upf () + plu— 1) = 0
with initial conditions p(u) =1 for 0 <u < 1.
From [10] we can state

log p(u) = —u - log(ulogu) + d(u) for wu>2. (4.20)
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Lemma 4.5.6. Let x,u,v be real numbers with x > 20, 1 < v < u <

/(ogx)loglog z, and put y = z'/*, w = 4. The number of prime numbers
r < x salisfying 4.5.2 (ii) is at most

9 (uw(m) (lopg ((I;)U) + p(u)>)

Proof. This is Theorem 2 from [11]. [

Proposition 4.5.3. For all sufficiently large integers n, if x is a real number
such that > (logn)'T1/18%0  then the number of prime numbers v < z for
which there does not exist a period pair (r,q) for n satisfying

g is prime, q > g1/ (oglogx)®
is at most x/(log x)3.

Proof. By Proposition 4.5.2, we only need to show that when n is a suffi-
ciently large integer and x is a real number with = > (logn)'+1/18%0  the
number of primes r < z satisfying one of Proposition 4.5.2(i)-(iii), with
w = gt/loslos gnd ¢ = p1/(oglog)? ig at most z/(logz)3. We prove this
by showing that the number of such primes 7 is o(x/(logz)® as n — oo. If
the prime r satisfies 4.5.2(i), then either r | n or r | n™ — 1 for some integer
m in [1,w]. Since the number of distinct prime divisors of an integer k > 2
is evidently smaller than (logk)/log2, the number of primes r satisfying
Proposition 4.5.2(i), is smaller than

logn logn o logn 1800/1801+
E m- <w?. 2 < o) — 1 3
log 2 + m log 2 w log 2 z o(z/(logz)”)

mlw
as n — 00.

To estimate the number of primes r < x satisfying Proposition 4.5.2(ii) we
apply Lemma 4.5.6 with v = loglogx and u = v?; using (4.20) we can say
that, as n — oo, this number is at most

x/(log .1,)(1+o(1))10gloglogx _ o(w/(log x)S)

The number of integers r with 1 < r < x satisfying Proposition 4.5.2(iii) is
clearly at most >_ ., r/q®> <z/(y—1) =o(x/(logx)?) as n — occ. |

Let € = 1/150, let n be an integer n > 20, and let x,u be real numbers
with

14e/12 _ ( 141/1800
- )

x > (logn) logn) u = (loglog x)?

For a prime 7, let Q(r) denote the set of prime divisors g of » — 1 with
2V < g <z'? and (r,q) is a period pair for n.

Further, let @ denote the union of the sets Q(r) over all primes r < z. We
are interested in @ since each subset S of it corresponds to at least one period
system for n with degree [] cq 4.
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Proposition 4.5.4. For all sufficiently large integers n and for all real num-

bers > (logn) <12 we have

1 3—¢
Z§> 11

q€eQ

Proof. Let
A = {prime r < x: prime ¢ | 7 — 1 implies ¢ < /% and ¢ ¢ Q}

B = {prime r < z: prime ¢ | 7 — 1 implies ¢ < z/* or (r,q) is not a pe-
riod pair for n} Clearly A C B. We use Proposition 4.5.1, with "m" of that
result being the current 11 = /e = 1650; let § = d1650. Suppose n is so large
that Proposition 4.5.1 and 4.5.3 hold for all z > (logn)™*</12, If > o l/a<
(3 — €)/11, then Proposition 4.5.1 implies that #A4 > dz/(logz)?. And so
#B > 6x/(logx)?. But Proposition 4.5.3 implies that #B < x/(log )3,
These two inequalities for #B are incompatible for large n.

From this contradiction we deduce the proof. [ ]

With n,z,u as above, let N be an integer for which
6ulogz < N < exp(2(log z)*/®(loglog x) /). (4.21)
For a bounded interval I, let || denote the length of I.

Proposition 4.5.5. For an integer N satisfying (4.21) and fori =1,2,..., N,
let
I = [‘r(iil)/]\a Il/N)v M; = xi/N/i27

and

() it (1,1 Q) < M,
T\ min{#(L N Q), L]/ log(z/N) |},  otherwise.

For i < N/u, #(I; N Q) = 0, and for each i = 1,2,...,N, then k; = 0 or

Proof. Note that all primes ¢ € @ have ¢ > xl/“, so it follows that #(I; N
Q) = 0 for ¢ < N/u. For the second assertion, we thus may assume that
u > 1. Note that for ¢« > 1 we have

|Z;] a:i/N(l — /N xi/N(logx)/(QN)

- = > > Mia
log(xt/N) (i/N)logx (i/N)logx  —

where we use = /N = e~ (82)/N < 1 _ (logx)/(2N), which holds from
(4.21). ]
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Proposition 4.5.6. For an integer N satisfying (4.21) and intervals I; and
integers k; defined in Proposition 4.5.5, let QQ; denote the set of the least k;
primes i I; N Q. If n is sufficiently large we have

Syiedog

vy qg 11 10
Proof. The double sum here may be smaller than the sum 4€0 % in Propo-
sition 4.5.4, the possible difference between them coming from two sources:
intervals I; with 0 < #(I; N Q) < M; and intervals I; with #(I; N Q) >
||1;|/log(z'/N)]. By Proposition 4.5.5 we only need to consider indices
i > N/u. We thus may assume that v > 1. The sum of 1/q for primes ¢ in
intervals I; with #(I; N Q) < M; is at most

LN

Mi 2u 1/N 1 1/(6w) 1
—_ = — < — —
Z x(i—1)/N Z 2 SNYS 3logace < log z’
i>N/u i>N/u

by the first inequality in (4.21). Thus, this contribution is o(1) as n — oo,
so is negligible.

The sum of 1/q for the largest #(I; N Q) — ||I;]/ log(z*/")] primes ¢ in an
interval I; with #(I; N Q) > ||I;|/log(z*/N)| is estimated as follows. By the
prime number theorem (see [12]), the total number of primes in I; is

Li + 9(E(z'N)),
where

Zi/N
L; = / i and E(2) = z/ exp(cig(log 2)3/5(10g10g Z)_1/5)’
zG—1/N logt

with ¢16 an effective positive constant. As before, we may assume i > N/u.
Note that

0<L;— log‘(ilJ/N) < 10g(x|(?|1)/N) - log|(:lcli/N) = |Ii\m-
Further,
L] = DN (VN 1) < 2x"‘1/N1°%, (4.22)
so that 1| 0, i—1)/N
. = J9(M;).

i g < —=
log(z/N) = (i —1)
Further, for N/u <i < N,

£i/N /N

E(xi/N) <

exp(cieu—3/5(log x)3/5(log log x)~1/5) - exp(c16(log )3/5(log log 2)~7/%)’
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so that from the upper bound for N in (4.21), E(z*/N) = 9(M;). Thus,
the contribution in Proposition 4.5.4 from primes in I; with #(; N Q) >
[1£:]/ log(*/N) ] is

M;
v Z LG-1/N |
N/u<i<N

a sum we have seen to be negligible. [ ]

Proposition 4.5.7. For an integer N satisfying (4.21) an integer k; defined
in Proposition 4.5.5, let S(i) be the image of the interval

(x(ifl)/ij(ifl)/N + kz lOg(CEl/N))

under the natural logarithm map. If n is sufficiently large, then

f:/ dt 3«
prt S(i)t 11 9

Proof. Since 3 . 1/q < ki /z0=D/N it follows from Proposition 4.5.6 that
for n sufficiently large,

N
k; 3 €
; N T 11 10 (4.23)
Further, if S(i) # 0, that is, if k; > 0, then

/ at o log(x(=D/NY) 4 E; log (/M)
st log(a(i=1/N)

Now, log(a + b) > log(a) + b/a — (b/a)? when a,b > 0, so that if a > e and
0<b<a,

log logla+b))_ b 2 b\?_ b L2
loga aloga loga \ a aloga a)’

Hence,

/ dt S ki log(z/N) - 2k; log(x*/N)
S(3) t p(i-1)/N log(;(;(i—l)/N) 2(E—1)/N

k; . 2k; log(x*/N)
2(—1)/N - pG-1)/N

Note that, using (4.21), (4.22) and the definition of k;,

2k; log(z"/N) 2| ;] 4logz 1
LU/N = eD/N ST N Suw
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so that d&t .
oM g yd
[ 77 s,
Thus, the proposition follows from (4.23) for sufficiently large n. [ |

We are now ready for our main result concerning with the existence of
period systems:

Proposition 4.5.8. There is an effectively computable positive integer cs
such that, for each integer n > c5 and each integer D > (log n)46/25, there
exists a period system P for n consisting of pairs (r,q) with

r < D6/11, q < D3/117 q prime,

and with degree d satisfying D < d < D+D/ exp((log D)*/>(loglog(3D))~3/?).
In particular, d € [D,2D).

Proof. Let ¢ = 1/150, let n be an integer so large that Proposition 4.5.7
holds, and let D be an integer satisfying

D> (logn)ll/ﬁ-i-s _ (logn)46/25.

Let = DO/1¢/% g5 that = > (logn)™/1890 et o = (loglogx)?, and let
integer N satisfy (4.21). Let D' = Dexp(2u(logz)/N) and let S be the
additive semigroup generated by

N
ZL_JI 10g D/S(/L)7

where S(i) is as in Proposition 4.5.7. Note that if S(i) # (0 we have
2= D/N < 31/2 g0 that

log (/M) 1 1Y logx 1 1 6 € 3 €
— S\|\s+t+ =lz+=)l=—7)<—=—-=
log D’ 2 N )logD 2 N 11 4 11 9
for sufficiently large n; that is, S(i)/log D' C (0,3/11 — €/9). We suppose
that n is so large.

Thus, from Proposition 4.5.7 and the fact that the intervals S(i) are disjoint,
we have

N
de dt dt 3
/ ZE/ :E/ —>=-c
Sn(3/11—¢/9) L~ = Js(i)/1og D T ~Js@ t 119

It thus follows from Theorem 4.4.1 that 1 € S. Hence, there is a finite subset
F of |J; S(4) and positive integers x(f) for each f € F such that

> k(f)f =logD'.

feFr
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Let F; = FnNS(i) fori=1,2,...,N, and let

Ki = Z k()

feF;

Then, using S(i) = @ for i < N/u from Proposition 4.5.5,

1
IES I IUE S I

v @1 J; EFZ'D, (4.24)
0og
—_— prm— 2
< log(z1/u=1/N) Z w(1)f (1/u—1/N)logx =

fer

where the last inequality holds when n is sufficiently large. If S(7) # 0, then
Proposition 4.5.5 implies that k; > M;, so that k; > acl/“/N2 > 2u > K.
Thus, for each ¢ with k; > 0 there are at least x; distinct primes in @);. Label
the least such primes q14,¢2,,-..,qx;; and let

N k;
d=11la
i=1j=1
If rj; < is a prime with ¢;; € Q(r;;) then
P: {(7"]‘71',(]_7'70 = 1,...,N, j = 1,...,/11'}

is a period system for n with degree d. We have

N k; N Ki
llog D' —logd| = | > w(f)f =Y Y log(gza)| = |D_ | D w(H)f = log(gj.)
i=1 j=1

fer i=1 j=1 fEF;
1
< 3 (oma?) togta 1)) = FEE ST
2u log
< )
N

(4.25)
using (4.24). Thus,
D = D' exp(—2u(logz)/N) < d < D' exp(2u(logz)/N) < D(1+6u(logz)/N).

By choosing N near the upper end of the interval in (4.21), we have proved
the Proposition. [ ]
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4.5.4 Algorithm for existence of period system

We now proceed with a straightforward transformation of Proposition 4.5.8
into an algorithm for constructing period systems.

This algorithm takes as input an integer n > 1 and an integer D > 0, and
searches for a period system P for n with the properties listed in Proposition
4.5.8.

Algorithm 3:

Step 1. Using a modified version of the sieve of Eratosthenes, sieving with
prime powers rather than just with primes, compute the prime factor-
ization of all integers in [1,2D).

Step 2. For each prime number r < D% not dividing n, in increasing
order, determine the set Q(r) of prime factors ¢ of » — 1 that satisfy

< D3/11’ n(r=1/q #1 (mod ), q ¢ U Qr").

r'<r
Put Q =, Q(r) and, for each ¢ € @, put 4 =1 if ¢ € Q(r).

Step 3. If there is some integer in [D,2D) that is squarefree and composed
solely of primes from @, let d be the least such integer, let P be the set
of all pairs (rg, ¢), with ¢ ranging over the prime factors of d, return
P, and halt. If no such integer exists, pronounce failure and halt.

4.6 The primality test

In this section we will see that there exists a deterministic algorithm that
decides whether an integer n is prime or not. We will also see that it works
in the desired time.

Now we see some results that will lead to the claimed algorithm.

In the following Proposition the constant cs is as in Proposition 4.5.8.

Proposition 4.6.1. The algorithm above, on input of integers n > 1 and
D > 0, successfully computes a period system for n with the properties listed
in Proposition 4.5.8 if and only if such a period system exists, which is the
case if n > cs5 and D > (logn)*%/?5: the run time of the algorithm is @(D +
DS/ ogn).

Proof. The "if and only if" statement is clear from the algorithm, the second
assertion is immediate from Proposition 4.5.8, and proof of the run time
estimate is entirely straightforward. |

We are now going to describe the algorithm:
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Algorithm 4:
Given an integer m > 1, this algorithm decides whether or not n is prime.

Step 1. If n < ¢5, find by trial division the least prime p dividing n, declare
n prime or composite according as n = p or n # p, and halt.

Step 2. Using the algorithm of [13], determine the largest k € Z for which
there exists m € Z with n = m*. If k > 1, declare n composite and
halt.

Step 3. Using standard algorithms for computing elementary functions (cf.
[14]), compute an integer D satisfying

Ds < max ((1og n)2/(3 - (log 2)%), (log n)46/25> <D.

Next, using Algorithm 3, construct a period system P for n with the
properties listed in Proposition 4.5.8. Put d = H(r,q)eP q.

Step 4. Using standard algorithms for computing elementary functions (cf.
[14]), compute an integer b satisfying

b—1<(d/3)"?(logn)/log2 < b+1,

and test by trial division whether n has a divisor among 2, 3, ..., max{d, b}.
If it does, let p be the least such divisor, declare n prime or composite
according as n = p or n # p, and halt.

Step 5. Using Algorithm A of Proposition 4.3.3, either declare n compos-
ite and halt, or construct a pseudofield (A, «) of characteristic n and
degree d.

Step 6. For a =1,2,...,b, test the equality a” + a = (a + a)" in A. If all
of these are valid, declare n prime and halt. If at least one fails to be
valid, declare n composite and halt.

We are now ready to state the following:

Theorem 4.6.1. There exists, for some effectively computable real num-
ber co, a deterministic algorithm that, given an integer n with n > 1, de-
cides whether or not n is prime, and does so in time at most (logn)® - (2 +
log logn)<.

Proof. We prove that the algorithm above has the properties claimed in the
Theorem, that is, it terminates within time 9((logn)®), correctly declaring
7 prime or composite.

Step 1 runs in time J(1), and by [13], Step 2 runs in time J(logn). If the
algorithm halts during one of these two steps, it is clearly correct. Assume
otherwise, so that one has n > c¢5 and n is not a proper power. The first
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part of Step 3 runs in time ¥(logn), and from D > (logn)*/?5 and D =
Y((logn)?) it follows, by Proposition 4.6.1, that the second part of Step
3 successfully computes a period system in time 9((logn)?/11). We have
d = 9((logn)?), and from d > 27 one obtains #P = ¥(log(2logn)). Step
4 runs in time J((logn)?®) because b = ¥((logn)?). If the algorithm halts
in Step 4, it is clearly correct. Suppose otherwise. Then we have n > d,
so by Proposition 4.3.3 and the inequalities in Proposition 4.5.8, Step 5
runs in time J((logn)?). As we argued in the section where we dealt with
algorithmic aspects of pseudofields, the test in Step 6 can be done in time
J((d*/?1ogn)?), which is J((logn)®). Since n passed Step 4, it has a prime
divisor greater than (d/3)'/?(logn)/log2, so Proposition 4.2.4 implies that,
if n passes the test in Step 6, it is a prime power; not being a proper power,
it must be prime. If n does not pass the test in Step 6, then by Proposition
4.2.3 (with n in the role of p and @+ a in the role of ) it cannot be a prime
number.

This concludes the proof of this important result. |
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Chapter 5

Bernstein’s RP Algorithm

In this chapter we give a sketch of an RP algorithm. This algorithm is a
modification of AKS given by Bernstein, following up on ideas of Berrizbeitia,
as developed by Qi Cheng.

5.1 Introduction

First of all let’s define the RP class:

Definition 5.1.1. In complezity theory, RP ("randomized polynomial time")
s the complexity class of problems for which a probabilistic Turing machine
exists with these properties:

1. It always runs in polynomial time in the input size.
2. 1If the correct answer is NO, it always returns NO.

3. If the correct answer is YES, then it returns YES with probability at
least 1/2 (otherwise, it returns NO).

Next we describe an algorithm belonging to the RP class that distin-
guishes primes from composites and provides a proof within J((log n)4+0(1))
steps. The only drawback is that this is not guaranteed to work. Each time
one runs the algorithm the probability that it reports back is, by definition of
RP class, > 1/2, but each run is independent, so after 100 runs the probabil-
ity that one has not yet distinguished whether the given integer is prime or
composite is < 1/21%0 which is negligible. In practice this algorithm makes
the original AKS algorithm irrelevant, for if we run the "witness" test, which
is an RP algorithm for compositeness, half of the time and run this RP algo-
rithm for primality the other half, then a number n is, in practice, certain to
yield its secrets faster (in around ¥((logn)*t°(M)) steps) than by the original
AKS algorithm.
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5.2 A characterization of the primes

Definition 5.2.1. For a given monic polynomial f(x) with integer coeffi-
cients of degree d > 1 and positive integer n, we say that Z[z]/(n, f(x)) is
an almostfield with parameters (e,v(x)) if

(a) Positive integer e divides n® — 1,
(b) v(:z:)"d_1 = 1 mod (n, f(x)), and
(c) v(2)" D/ s g unit in Z[z]/(n, f(x)) for all primes q dividing e.

If n is prime and f(z) (mod n) is irreducible, then Z[z]/(n, f(z)) is a
field; moreover any generator v(x) of the multiplicative group of elements of
this field satisfies (b) and (c) for any e satisfying (a).

Theorem 5.2.1. [Bernstein| For given integer n > 2, suppose that Z[x]/(n, f(z))
is an almostfield with parameters (e,v(x)) where e > (2dlogn)?. Then n is

prime if and only
e n is not a perfect power
o (t—1)" =t —1mod (n, f(z),t¢ — v(v)) in Zz, 1

Proof. Write N = n? and v = v(z). If n is a perfect power, then n is
composite. If n is prime, then the second condition holds by the Child’s
Binomial Theorem . So we may henceforth assume that n is not a perfect
power and is not prime, and we wish to show that (¢ — 1)”d e " — 1 mod
(n, f(x),t® — v(z)). Let p be a prime dividing n and h(x) an irreducible
factor of f(x) (mod p), so that F = Z[x]/(p, h(x)) is isomorphic to a finite
field. Let P = |F| = p?®” and note that since p < n and degh < deg f,
hence P < N.

Let ¢ = vN=Y/¢ mod (p, h(x)) so that ¢ is an element of order e in F. To
see this, note that ¢¢ = v™~! (mod ()p, h(x)) by (b); whereas if ¢ had
order m, a proper divisor of e, then let ¢ be a prime divisor of e/m so that
1= ¢ =vWN=D/4mod (p, h(z)), contradicting (c).

The polynomials of the form Hf;& (¢t —1)% in F[t] are distinct, and so those
of degree < e — 1 are distinct in F[t]/(t¢ — v).

Now tV = V=1t = y(N=1/et mod (¢ —v), so that t¥ = ¢t mod (p, h(z), t¢ —
v). Thus our second criterion implies that (t—1) = (t—1 mod (p, h(x), ¢ —
v). Moreover replacing t by ('t gives (¢t —1)™ = ("'t —1 mod (p, h(z), ¢ —
v) for any integer i > 0 (since (¢t)® — v = t* —v), and thus (t — 1)V' =
¢'t — 1 mod (p, h(x),t° — v) by a suitable induction argument. Note that
(t—1)N" = (t — 1) mod (p, h(x),t® —v).

Therefore for proper subsets I of {0,1,...,e—1} the powers (t—1)2ier V' =
[Tic;(¢'t—1) mod (p, h(z), t® — v) all have degree < e — 1 and so are distinct
polynomials, and thus there are at least 2¢ — 1 distinct powers of (¢ — 1) mod
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(p, h(x),t® —v).

Now e is the order of an element of F*, which is a cyclic group of order
P —1, and so P — 1 is a multiple of e. Therefore v("~1/¢ is an e-th root
of 1 in FF, so must be a power of ¢, say ¢!. Arguing as done earlier, but
now with N and ¢ replaced by P and ¢, we see that (t — 1) = gjlt —
1 mod (p, h(x), ¢ —v). Combining these results we obtain that (t—1)V'" =
¢t — 1 mod (p, h(x),t® — v) for all integers i, j.

There are more than e pairs of integers (4,7) with 0 < i,5 < [/e], and
so there exist two numbers of the form ¢ + jl (with ¢ and j in this range)
that are congruent modulo e, say i + jl = I + Jl (mod e). Therefore if
w:= NPl and U := N'P7 then (t —1)* ="t -1 = —1=(t -
)Y mod (p, h(z),t*—v). We will show that ¢t—1 is a unit mod (p, h(z), t*—v)
so that we can deduce that there are no more than |U —u| < (NP)Ve -1 <
N2Ve 1 distinct powers of (t—1) mod (p, h(x), ¢ —v), and thus 2¢ < N2V¢,
contradicting the hypothesis.

Now v(z) # 1in F by (c), so that t —1 is not a factor of t¢ —v(x) in F[t]; in
other words t—1 is a unit in the ring F[t]/(t¢ —v(x), that is mod (p, h(z),t¢—
v). [

5.3 Running this primality test in practice

We will show that if n is prime, then an almostfield may be found rapidly in
random polynomial time.

Finding the almostfield: Assume that n is prime. By the inclusion-exclusion
formula one can prove that there are (1/d) 3, p(d/ )n! irreducible
polynomials modulo n of degree d, where p is the Md&bius function
that we have seen in Lemma 4.5.5. The biggest term here is the
one with [ = d: in fact 1/du(1)n? = n?/d; that is, roughly 1/d of
the polynomials of degree d are irreducible. Thus selecting degree d
polynomials at random we should expect to find an irreducible one
in ¥(d) selections. Verifying f is irreducible can be done by check-
ing, via the Euclidean algorithm, that ™ — z = 0 mod (n, f()) and
2" — 2 is a unit in Zlx]/(n, f(z)) for all primes ¢ dividing d. Once

we have found f we know that Z[z|/(n, f(x)) is a field. The elements

of Z[z]/(n, f(z)) can be represented by the polynomials v(z) modulo

n of degree < d. The proportion of these that satisfy (b) and (c¢) is

[1,(1 —1/p) > 1/2Inlne, and so selecting such v(z) at random we

should expect to find v(x) satisfying (b) and (c) in J(d) selections.

Verifying primality conditions: The main part of the running time comes
in verifying that (t—1)" = t" — 1 mod (n, f(z), t* —v(x)), which will
take dlogn steps, each of which will cost ¥(de(logn)'*°(D)) bit oper-
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ations, giving a total time of 9(d?e(logn)?t°™M) bit operations. The
conditions d > 1,e > (2logn)? imply that the running time cannot be
better than ¥((logn)*t°M), and we will indicate in the next section
how to find d and e so that we obtain this running time.

5.4 More analytic number theory

To find an almostfield when n is prime we need to find d and e for which e
divides n? — 1 and with d and e satisfying certain conditions. Constructions
typically give e as a product of primes p which do not divide n and for which
p — 1 divides d, since then p divides n? — 1 by Fermat’s Little Theorem, and
thus e divides n? — 1.

However, to ensure that e is large, for instance e > (2dlogn)? as required
in the hypothesis of Bernstein’s result, we need to use the ideas of analytic
number theory. Our general construction looks as follows: for given z < y,
with z > ey for fixed € > 0, let d be the least common multiple of the integers
up to z and e be the product of all primes p < y such that all prime power
divisors ¢ of p—1 are < z. Note that d = exp(z+0(z)) by the prime number
theorem and e = Hpgy p/ Hpepp, where P is the set of primes p < y for
which p — 1 has a prime power divisor ¢* which is > z.

If p € P write p— 1 = kq® with ¢* > z, so that k < y/z < 1/e. Now the
number of ¢* € (z,y) with a > 2 is ¥(,/y), and so there are ¥(,/y/€) values
of p € P for which p — 1 has a prime divisor ¢* with a > 2.

In our first construction we take y = 4z, so that if @ = 1, then we have a
prime pair of the form ¢, kq + 1 with k£ < 4, and so k£ = 2. For this we use
again Conjecture 1.5.1 which is a bound on the number of prime pairs of the
form ¢,2q + 1 telling us that the ¢’s of this form with ¢ < x are less than
2cx/(log x)? where c is a constant.

Therefore |P| = 9(y/(logy)?) and so e = exp(y + o(y)) by the prime num-
ber theorem. If we take y = (4 + €)loglogn, then we get e > (2dlogn)?
as required, and the values of d and e can, in practice, be found quickly.
However, by the previous section the running time will be 9((logn)3t7(€),
so we need to choose d and e slightly differently.

This time we take z = ey with y = (2 + 3¢) loglogn. We need the general-
ization of Conjecture 1.5.1:

Lemma 5.4.1. There exists an absolute constant ¢ > 0 such that there are
< c(k/d(k))(z/(logx)?) primes ¢ < x for which kq+ 1 is also prime, for all
even integers k and all x > 2.

In this case, corresponding to each prime p € P with a = 1, we have a
prime pair ¢, kq + 1 with £ < 1/e and q < y/k. For given k < 1/e there are
< cy/(log(ey))? such prime pairs, by Conjecture 1.5.1 with = = y/k, since
¢(k) > 1. Therefore |P| = V(y/(e(logy)?) + /y/€e) = o(y/logy), so the
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product of the primes in P is <yl = exp(o(y)). Thus e = exp(y +o(y)) by
the prime number theorem, and so e > (2dlogn)? as required; but now the
running time will be 9((logn)**?(9)), and letting e — 0 we get the desired
result.
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Appendix A

Tensor Product

A.1 Preliminaries

In this section we are going to see some important results about Tensor
Products. For general properties of tensor products, see [1, Chapter XVI].

Proposition A.1.1. Let Ay be free over R, with basis {v;}icr. Then every
element of A1 ® Az has a unique expression of the form

Z Yi ® vi, yi € Ay
i€l
with almost all y; = 0.
Proof. see [1]. [

Corollary A.1.1. Let Aj, Ay be free over R, with bases {v;}icr and {w;}jcr
respectively. Then Ay ® Ay is free, with basis {v; ® w;}. We have

dim(A4; ® Az) = (dim A;)(dim As).
Proof. Immediate form the proposition ]

Tensor products can be used to construct "large" psudofields out of small
ones, in the following manner:

Proposition A.1.2. Let (A1,a1) and (A2,a2) be pseudofields with char
Ay =char Ay = n, and suppose that the degrees di,da of these pseudofields
satisfy di > 1,dy > 1, and ged(di,d2) = 1. Then the tensor product
(A ®z/22 Ag, a1 ® a2) is a pseudofield of characteristic n and degree dids.

Proof. We need to check that A = A1 ®z,.7 A2, @ = a1 ®az, n, d = didy and
o = 01 ® o9 satisfy conditions from (4.1) to (4.5). By Proposition 4.2.1(a),
each A; is a free Z/nZ-module with basis 1, oy, . . ., affl, so from Corollary

A.1.1 we see that A is a free Z/nZ- module with basis (! ®aé)0§i<d1,0§j<d2~
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This implies both (4.1) and (4.2). We have, o(a) = o1(a1) ® o2(a2) =
af ® oy = o™, which is (4.3). Each af’i is the identity on A;, so o4 is the
identity on A, which implies (4.4). Finally, to prove (4.5), let [ be a prime
number dividing d. Then [ divides exactly one of di and da; by symmetry
we may assume it divides dy. Let k& be a prime number dividing d;. By
oia; = af, The Aj-ideal Ajaq is mapped to itself by o1 and, therefore,
di/k
1

contains o, '“aq — ay; applying (4.5) to A; we obtain that this element is

a unit of Ay, so a3 must be a unit of A; as well. Since d/I is divisible by

djl

di, we have 0;"'a; = oy € Aj. Since d/l is not divisible by da, Lemma

d/l djl

4.2.1 implies 0," as — ay € A3. It follows that the element oc%'a — o =

d/l

(Uf/lal) ® (Ug/lag) —a1®ag = o1 ® (0, g —az) is a product of two units,
and therefore belongs to A*. This completes the proof. |

We are now going to address the problem of designing an algorithm
that, given two pseudofields A;, a; as in Proposition A.1.2, computes their
tensor product. For the general context of our algorithm one may consult
[16] Let R be a commutative ring, let m € Z, m > 0, and write S for
the ring R[t]/(t™"!), where t denotes a polynomial variable. The elements
1,¢,...,t™ form a basis for S over R, in the sense that every element of S
has a unique representation of the form » ;" a;t', with each a; € R. The
elements > ", a;t" with ag = 0 form the ideal tS of S, and the elements
with ag = 1 form a subgroup of the group S* of units of S; we write 1 4+ ¢S
for this subgroup.

We define the maps D : S —tS and L:1+tS — ¢S by

m m
D Zaitz> = Ziaitl (ai S R),
1=0 =0

L(u) = D(u) -u™* (uel1+1tS).
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Now, let u = Y"1 a;t’ and v = >0 bt/ and let’s calculate D(u - v)

m m m m
D(u-v)=D Z a;t’ - Z bit! | =D Z Z ait’ - bit! | =
i=0 =0

i=0 j=0
m m
=D Z aibthj = Z (’L + j) . aibjti+j =
52 5
m
Z abt”JJrZz agbjtti =
i,j= ,5=0
m m
Z Z btﬂ+2bt9 Zzazt =
-0 —0 j=0

=u - Z]bt]—H} Zmlt’—u D(v) +v - D(u).

From this equality we can deduce that

L(uv) =D(uv) - (uv) ™! = (uD(v) + vD(u))(uv) ! =
=(uu'D(v)v™ ) + (v D(u)ut) =
=L(u) + L(v)

which means that L is a group homomorphism from the multiplicative group
1+ tS to the additive group tS.

For a monic polynomial g = zF + ZZ LbizF~t € R[x], we write § for the
1mage of 1+ ZZ 1 bi t' in S, which belongs to 1 + tS. Evidently, we have

(gh) = § - h for any two monic polynomials g, h € Rz].
The Hadamard product * is the operation defined on S by

m m m
Z aiti> * Z biti> = Z agbit’,
=0 i=0 i—0

for a;, b; € R. In the following result we use the definitions just given for the
ring R = Z/nZ.

Proposition A.1.3. Let the hypotheses and notation be as in Proposition
A1.2. Moreover, write f1, fao, f for the characteristic polynomials of the
pseudofields (A1, a1), (A2, a2), and (A1®7,/,7 A2, 01 ®az), respectively. Then
for any non-negative integer m we have the identity

~

L(f) = ~L(f1) * L(}2)
in t(Z/nZ)[t)/ (™1,
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Proof. Let the notation A, «,d,01,092,0 be as in the proof of the previous
Proposition. We view A; and As as subrings of A, identifying o1 with a1 ® 1
and ag with 1 ® a9, so that a = ajas. It suffices to prove the identity in
tA[t)/(#™ ). From f = [} (x — o) we obtain f = [[\=5(1 — (cia)t).
From L(1 — (o'a)t) = —(c'a)t/(1(c'a)t) = = 0L, (o ‘)t we thus obtain

U

-1

m d—1
L(f):' L(1 = (d'a)t) = = 4 (aia)ﬂ‘)tﬂ‘.

s
I
o
<.
Il
—_
-
I
=)

Likewise, we have

m di—1 R m do—1 ' 4 ‘
-> (o) ) Lif)=->_ > (U§a2)3> .
j=1 i=0 j=1 =0

o

The identity to be proved now follows from

d—1 di—1 da—1
(c'a) = Z(Uial)j> : Z(Uéa)j>
i=0 =0 i=0

for all j > 1, which is a consequence of o'a = (oiay) - (0has) and the fact
that the orders dy and dg of o1 and o9 are coprime. [ |

Proposition A.1.4. For positive integers n,m, let Sy ., denote the ring
(Z/nZ)[t]/(t™*).

(a) Letn and m be positive integers such that each prime factor of n exceeds
m. Then the map L :1+tSy,,;,  tSnm is a group isomorphism.

(b) There is an algorithm that, given positive integers n and m, and an
element u € 1 + tSn.m, computes the element L(u) of tSy m in time
Y(mlogn).

(¢) There is an algorithm that, given positive integers n and m, and an
element s € Sy, m, either computes a prime factor of n that is at most
m or correctly decides that no such prime factor exists, and in the latter
case computes the element L='(s) of 14+ tSp.m, all in time 9(mlogn).

Proof. (a) Since each prime factor of n exceeds m, we have ¢ € (Z/nZ)* for
it =1,...,m, so D restricts to a group automorphism of ¢S, ,,. For
the same reason, there are well-defined maps log : 1 +tS,,,  tSum
and exp : tSy,;m 1+ tSy,m with

log(1 — x) Zx’/z exp(z le/z'

for x € tSy,m. It is well known that log and exp are inverse group
isomorphisms. An easy computation shows L = D olog. It follows
that L is an isomorphism, with inverse exp o D71
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(b) In [14, Section 8] one finds an algorithm that computes L(u) by means
of J(m) ring operations in Z/nZ; this particular algorithm does not
depend on the condition, in [14, Section 8], that the field @) of rational
numbers be contained in the coefficient ring. By [15, sections 8.3 and
9.1], each ring operation in Z/nZ can be done in time 9(logn).

(c¢) We describe an algorithm with the stated properties. Using the extended
Euclidean algorithm, see [15, Corollary 11.10], one attempts to com-
pute i~! €=nZfori=1,2,...,m; this can only fail if among those i a
prime factor of n is found, in which case the algorithm halts. Suppose
it does not fail. Then one computes D~!(s) directly from the definition
of D by means of m multiplications in Z/nZ, and next one uses the
algorithm from [14, Section 9] to compute L™1(s) = exp(D~1(s)) using
@(m) ring operations in Z/nZ; inspection of this algorithm shows that
the condition from [14, Section 9] that @ be contained in the coefficient
ring may be replaced by the weaker condition that multiplicative in-
verses of each of 1 = 1,2,...,m be available; this condition is satisfied

in the present case.
|

Proposition A.1.5. There is an algorithm with the following property.
Given an integer n and two pseudofields of characteristic n and of coprime
degrees di,ds greater than 1, it either finds a prime factor of n that is at
most dide or it constructs the tensor product of the two given pseudofields,
and it does so in time U(d1dalogn).

Proof. The following algorithm has the stated properties. Let fi, fo be the
characteristic polynomials of the two given pseudofields. Put m = d;dz and
S = (Z/nZ) [t]/(tm“A), and compute f1, fo € 1+ ¢S from the definition of
f. Next compute L(f1) and L(fz) by means of the algorithm of Proposition
A.1.4(b), and compute L(f1)*L(f2) by did2 multiplications in Z/nZ. Finally,
apply the algorithm of Proposition A.1.4(c) to s = —L(f1)*L(f2); this either
yields a prime factor of n that is at most m = dyda, or it finds L=1(s) € 1+tS;
in the latter case, the characteristic polynomial of the tensor product is
the unique monic polynomial f € (Z/nZ)[X] of degree didy that satisfies
f = L7Y(s). This completes the description of the algorithm. It is correct
by Proposition A.1.3, and Proposition A.1.4 readily implies that it runs in
time ’l§(d1d2 logn). [ ]
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