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Esercizio 1 Calcolare

∫

A

x4 + 2x2y dxdy A = {(x, y) ∈ R
2 | 0 ≤ y ≤ 1 − x2}

A = {(x, y) ∈ R
2 | − 1 ≤ x ≤ 1 , 0 ≤ y ≤ 1 − x2}
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∫

A
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Esercizio 2 f(x, y) = 2y2 cos4 x − y B = {(x, y) ∈ R
2 | 0 ≤ x ≤ π, |y| ≤ sin x}

B = {(x, y) ∈ R
2 | 0 ≤ x ≤ π, − sin x ≤ y ≤ sinx}
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∫

B

2y2 cos4 x − y dxdy =

∫ π

0
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=
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Esercizio 3 C = { (x, y) ∈ R
2 | x2 + y2 ≤ 2, x ≥ y2 }

C = { (x, y) ∈ R
2 | − 1 ≤ y ≤ 1 , y2 ≤ x ≤

√

2 − y2 }.
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Area(C) =

∫

C

1 dxdy =
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−1

dy
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√
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∫ 1

−1
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√
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√
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∣
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∫

C

yey2

+ x dxdy =
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dy
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√
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dx (yey2
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∣

∣

∣
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√
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Esercizio 4 D = { (x, y, z) ∈ R
3 | x + y ≤ 1, 0 ≤ z ≤ 2 + y, x ≥ 0, y ≥ 0 }.

D = { (x, y, z) ∈ R
3 | 0 ≤ x ≤ 1 , 0 ≤ y ≤ 1 − x , 0 ≤ z ≤ 2 + y }
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∫

D

xy + z dxdydz =
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0

dx
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xyz +
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Esercizio 5 E = { (x, y, z) ∈ R
3 | |z| ≤ | sin y|ex(1+cos2y), 0 ≤ x ≤ 1

1+cos2 y
, |y| ≤ π}
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V ol(E) =

∫

E

1dxdydz =

∫ π

−π

dy

∫ 1
1+cos2 y

0

dx

∫ | sin y|ex(1+cos
2

y)

−| sin y|ex(1+cos2y)

dz 1 =
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∫ π

−π

dy

∫ 1
1+cos2 y

0

dx| sin y| ex(1+cos2y) = 2
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−π

dy
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1 + cos2 y
ex(1+cos2y)

∣

∣

∣

∣

1
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0

=

= 2(e − 1)
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−π

| sin y|
1 + cos2 y

dy = 4(e − 1)

∫ π

0

sin y

1 + cos2 y
dy = 4(e − 1)

∫ 1

−1

1

1 + t2
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= 4(e − 1) arctan t
∣
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1

−1
= 2π(e − 1)

Esercizio 6 F = {(x, y, z) ∈ R
3 | x2 + y2 ≤ π2, x ≥ 0, |z| ≤ sin x}

F = {(x, y, z) ∈ R
3 | 0 ≤ x ≤ π, −

√
π2 − x2 ≤ y ≤

√
π2 − x2 , − sin x ≤ z ≤ sin x}
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∫

F

(1 + z) 4
√

π2y2 − x2y2dxdydz =

∫

{x2+y2≤π2, x≥0}
dxdy
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− sin x

dz (1 + z) 4
√

π2y2 − x2y2 =

= 2
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√
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√
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√
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Esercizio 7 G = {(x, y, z) ∈ R
3 | 0 ≤ y ≤ r, 0 ≤ x ≤ 1

1 + y2
, |z| ≤ π

2
(1 + y2)}.
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∫

G

f(x, y, z)dxdydz = 2
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=
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√
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∣
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√
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√
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√
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Esercizio 8

∫

H

xy log(1 + x + y)dxdy H = {(x, y) ∈ R
2 | x ≥ 0, |y| ≤ 1 − x}

H = {(x, y) ∈ R
2 | 0 ≤ x ≤ 1, x − 1 ≤ y ≤ 1 − x}
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∫

H

xy log(1 + x + y)dxdy =

∫ 1

0

dx

∫ 1−x

x−1

dx xy log(1 + x + y) =

∫ 1

0

dx x
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x−1

dy y log(1 + x + y) =
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0

dx x

(
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2
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∫ 1

0

dx x(1 − x)2 log 2 − x(x − 1)2 log(2x) − 1
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∫ 1

0

dx x

∫ 1−x

x−1

dy
y2 − (x + 1)2 + (x + 1)2

1 + x + y

=

∫ 1

0

dx − 1

2
x(x − 1)2 log x − 1

2

∫ 1

0

dx x

∫ 1−x

x−1

dy y − x − 1 +
(x + 1)2

1 + x + y
dy =

=

∫ 1

0

dx − 1

2
x(x − 1)2 log x + x(1 − x2) − 1

2
x(x + 1)2 log(1 + x + y)

∣
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1−x

x−1
=

=

∫ 1

0

dx − 1

2
x(x − 1)2 log x + x(1 − x2) − 1

2
x(x + 1)2 log 2 +

1

2
x(x + 1)2 log 2x =

=

∫ 1

0

dx − 1

2
x(x − 1)2 log x + x(1 − x2) +

1

2
x(x + 1)2 log x dx =

=

∫ 1

0

dx x − x3 + 2x2 log x =
1

2
− 1

4
+

∫ 1

0

2x2 log x =
1

4
+

2

3
x2 log x

∣

∣

∣

1

0
− 2

3

∫ 1

0

x2dx =

=
1

4
− 2

3

1

3
=

1

4
− 2

9
=

1
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Esercizio 9 I = {(x, y, z) ∈ R
3 | | arctan x| ≤ y ≤ π

4
, 0 ≤ z ≤ 1 − x2}.
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I = {(x, y, z) ∈ R
3 | 0 ≤ y ≤ π

4
, − tan y ≤ x ≤ tan y, 0 ≤ z ≤ 1 − x2}

∫

I

ecos2 y

(1 + x2)2
dxdydz =

∫ π

4

0

dy

∫ tan y

− tan y

dx

∫ 1−x2

0

dz
ecos2 y

(1 + x2)2
=

=

∫ π

4

0

dy

∫ tan y

− tan y

dx
1 − x2

(1 + x2)2
ecos2 y = 2

∫ π

4

0

dy ecos2 y

∫ tan y

0

dx
1 − x2

(1 + x2)2
=

= 2

∫ π

4

0

dy ecos2 y

∫ tan y

0

dx
1

1 + x2
− 2x2

(1 + x2)2
= 2

∫ π

4

0

dyecos2 y

(

y −
∫ tan y

0

x
2x

(1 + x2)2

)

= 2

∫ π

4

0

dyecos2 y

(

y +
x

1 + x2

∣

∣

∣

∣

tan y

0

−
∫ tan y

0

1

1 + x2
dx

)

= 2

∫ π

4

0

tan y

1 + tan2 y
ecos2 ydy =

=

∫ π

4

0

sin 2t ecos2 ydy =

∫ π

4

0

2 sin y cos y ecos2 ydt = 2

∫ 1

1
√

2

tet2dt = et2
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∣
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1
√

2

= e −
√
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