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Esercizio 1

∫

A

y − x2dxdydz =

∫ 1

0
dx

∫ x

x2

dy y − x2 =

∫ 1

0
dx

1

2
y2 − x2y

∣

∣

∣

∣

x

x2

=

∫ 1

0

1

2
x2 − 1

2
x4 − x3 + x4dx =

∫ 1

0

1

2
x2 +

1

2
x4 − x3dx =

1

6
+

1

10
− 1

4
=

1

60

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

Esercizio 2 Consideriamo una ellisse di equazione x2

a2 + y2

4 = 1. Notiamo che l’interno
dell’ ellisse può essere scritto come un insieme normale nelle y

E = {(x, y) ∈ R
2| − a ≤ x ≤ a, −b

√

1 − x2

a2 ≤ y ≤ b
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dell’ ellisse sarà
∫

E

1dxdy =
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dx = 4b
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0
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(poniamo x = a sin t dx = a cos xdx) = 4ab

∫ π
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0
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1 − sin2 t cos tdt =
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π

4
= πab
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Esercizio 3

∫

T

x2ey2

dxdy.

T è un insieme normale in x infatti T = {(x, y) ∈ R
2|0 ≤ y ≤ 1, 0 ≤ x ≤ 2y}
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dunque

∫

T

x2ey2

dxdy =
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Esercizio 4 Calcoliamo

∫

A

cos xydxdy dove A = {(x, y) ∈ R
2|1 ≤ y ≤ 2, − 1

y
≤ x ≤ 1

y
}
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∫

A

cos xydxdy =

∫ 2

1
dy
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y

− 1
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dx cos xy =
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1
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sinxy

y
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1
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− 1

y

= 2

∫ 2

1

sin 1

y
dy =

= 2 sin 1 log y|21 = 2 sin 1 log 2

Esercizio 5 Notiamo che x2 + y2 − 2x + y + 2 ≤ 6 − 2x + y =⇒ x2 + y2 ≤ 4 dunque
S = {(x, y, z) ∈ R

3| x2 +y2−2x+y+2 ≤ z ≤ 6−2x+y, y ≥ 0, x2 +y2 ≤ 4}
= {(x, y, z) ∈ R

3| |x| ≤ 2, 0 ≤ y ≤
√

4 − x2, x2 + y2 − 2x + y + 2 ≤ z ≤
6 − 2x + y}
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V ol(S) =

∫

S

1dxdydz =

∫ 2

−2
dx

∫

√
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0
dy

∫ 6−2x+y
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=
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√
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0
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=
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Esercizio 6

∫

D

x + z dxdydz

D = {(x, y, z) ∈ R
3|0 ≤ x ≤ 1, 0 ≤ y ≤ 1 − x, 0 ≤ z ≤ 1 − x − y}
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∫

D

x + z dxdydz =
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Esercizio 7

∫

C

z
√

1 − y2dxdydz

C = {(x, y, z) ∈ R
3|x2 + y2 ≤ 1, 0 ≤ z ≤ 1}

C = {(x, y, z) ∈ R
3||y| ≤ 1, −

√

1 − y2 ≤ x ≤
√

1 − y2, 0 ≤ z ≤ 1}
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∫

C

z
√
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∫ 1

−1
dy

∫

√
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Esercizio 8

∫

A

x + y + z dxdydz

A = {(x, y, z) ∈ R
2| 0 ≤ x ≤ 1, 2x ≤ y ≤ x + 1, 0 ≤ z ≤ x + y}
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∫

A

x + y + z dxdydz =
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0
dx
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Esercizio 9

∫

D

sinx cos x2

1 − y2 + y4
dxdy D = {(x, y) ∈ R

2|x ∈ [−π, π], −x2 ≤ y ≤ x2}
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Basta notare che D è un insieme simmetrico rispetto all’asse delle y e che
sin x cos x2

1−y2+y4 è una funzione dispari in x dunque
∫

D

sinx cos x2

1 − y2 + y4
dxdy = 0
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Esercizio 10

∫

A

e2x+z y

(1 + y2)2
dxdydz

A = {(x, y, z) ∈ R
3| 0 ≤ x, z ≥ 0, 0 ≤ y ≤ e(x+z), x + z ≤ 1 }

A = {(x, y, z) ∈ R
3| 0 ≤ x ≤ 1, 0 ≤ z ≤ 1 − x, 0 ≤ y ≤ e(x+z)}
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Esercizio 11 Sia A = {aj}∞j=1 un insieme numerabile. ∀ε > 0 consideriamo la famiglia
di cubi {Qj}∞j=1 dove Qj è un cubo di centro aj e volume ε

2j (ad esempio

Qj = ΠN
i=1[aji −

1

2
(

ε

2j
)

1

n , aji +
1

2
(

ε

2j
)

1

n ]). Per costruzione A ⊆ ⋃∞
j=1 Qj e

n
∑

j=1

|Qj | =
∞

∑

j=1

ε

2j
= ε. Dunque A ha misura nulla
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