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687�9�:<;
b = ;?>A@CBED2;GFH: = :JILKM;"BNKPOE:JDQDRK�SEBE:UTM;�OEV R3 W K)XLIH:JSY;GBE:UOEZ�K�SESN@[; W VHI\;]F\;CONK

E = (e1 e2 e3)
W : R3 W ; =J= ;[D2;"SEBE:UT^K

A =





0 1 −1
1 0 1
−1 1 −2





_ ;,`�9-T�BE:Ja,K�BNK =cb K^OEZHBNK^ONOE:U@CILK W : b
K W K =J= ;dOEV\;Q>A@CBED2;defV\; W BY;"SE:UTM;g;CONON@-T�:<;"SY;

Q
:JI�F\;CONK

E h_ Fi`�jk; = T^@ = ;"BNKG: = BY;"IHl,@ W : b h_ Tm`gnoSE: = :Jp^pm;"I W @ =cb ; = l,@CBE:JSEDR@ W :rqs;"l8BY;"IHl,K8t W K�SNK�BEDQ:JI\;"BNKdVHI\;uF\;CONK E W :
R3 b v W :<;"l,@CI\; = :Jp^pm;"I�SNK87

w57�9�:<;
Q = ;u>�@CBED2;xe�V\; W BY;"SE:UTM;y;Ma,K�IfSNK8trBE:UOEZ�K�SESN@y; =J= ;zF\;CONK{TM;"IL@CIH:UTM; W : R4

E = (e1 e2 e3 e4)
tHK^ONZHBNK^ONOE:U@CILK

Q(x) = 2x1x2 − 2x1x4 + 2x2x3 +
2x2x4 − 2x3x4

7
_ ;,`�9-T�BE:Ja,K�BNK = ;�D2;"SEBE:UT^K A ;CONON@-T�:<;"SY;R;

Q h_ Fi`�9�:<;
b = ;�>A@CBED2;?FH: = :JILKM;"BNK�OE:JDQDRK�SEBE:UTM;GBY;"ZHZHBNK^OYK�IfSY;"SY; W ; =J= ;?D2;"SEBE:UT^K AILK =J= ;�F\;CONK E h OE:5T^@CILOE: W K�BE:H: = ON@CSESN@8OEZ\;"p^:U@Pa,K�SESN@CBE:<; = K W = 〈e1, e3, e4〉

t
KPOE:<;

b′ = ;]BNK^ONSEBE:Jp^:U@CILK W : b ; W
7|9-T�BE:Ja,K�BNK = ;}D2;"SEBE:UT^K B W : b′

:JI~F\;CONK
F = (e1, e3, e4) h_ Tm`�9�:�T^@CILOE: W K�BE: b′ : R3 × R3 −→ R

t|BY;"ZHZHBNK^ONK�IfSY;"SY; W ; =J= ;�D2;"SEBE:UT^K BBE:UOEZ�K�SESN@u; W VHI\;~F\;CONK G = (g1,g2,g3) h VHSE: = :Jp^pm;"I W @ =cb ; = l,@CBE:JSEDR@ W :q�;"l8BY;"IHl,K8t W K�SNK�BEDQ:JI\;"BNK = ;�OYK�l8I\;"SEVHBY; W : b′
KdSEBN@Ma8;"BNKgVHI\;�F\;CONK

b′ vW :<;"l,@CI\; = :Jp^pm;"IfSNK h_ W `g�PK�SNK�BEDQ:JI\;"BNK = KgK^efV\;"p^:U@CIH: W K = T^@CIL@ b′ v :UON@CSEBN@CZ�@zBE:UOEZ�K�SESN@y; =J= ;�F\;CONK
G
7

�57�9�:<;
b(x,y) = x1y2 +x2y1−x1y4−x4y1 +2x2y3 +2x3y2−2x3y4−2x4y3VHI\;r>A@CBED2;kFH: = :JILKM;"BNK|OEV R4 W K)XLIH:JSY;%BE:UOEZ�K�SESN@%; =J= ;�F\;CONK E = (e1 e2 e3 e4) h

_ ;,`~�|K�BE:�X\TM;"BNK]TY�LK
b � OE:JDQDRK�SEBE:UTM; h_ Fi`g��BN@maC;"BNK]VHI\;[F\;CONK

b v W :<;"l,@CI\; = :Jp^pm;"IfSNK F W : R4 h
6



_ Tm`~�|K�BE:�X\TM;"BNKG:JI W VLK?DR@ W : W :UOESE:JI�SE:�TN�LK b � W K�l,K�ILK�BNK h_ W `g��BN@maC;"BNK W VLK?a,K�SESN@CBE:
v
K
w = :JILKM;"BEDRK�IfSNK}:JI W :JZ�K�I W K�I�SE:sK b v :UON@CSEBN@CZH:c7

� 7 _ ;,`~�|K�BE:�X\TM;"BNK]TY�LK
Q[X] � VHIL@RONZ\;"p^:U@Qa,K�SESN@CBE:<; = K]OEV Q h_ Fi`~�|K�BE:�X\TM;"BNK[TN�LK =cb ;"ZHZ = :UTM;"p^:U@CILK b1 : Q[X] × Q[X] → Q

T^@8O�� W K)XLIH:JSY;5�
b1((p(X), q(X))) := p(1)q(1) � VHI\;�>A@CBED2;[FH: = :JILKM;"BNKGON:JDQDRK�SEBE:UTM; h_ Tm`g�PK�SNK�BEDQ:JI\;"BNKGVHI�a,K�SESN@CBNK

p1(X) ∈ Q[X] b −
:UON@CSEBN@CZ�@ h_ W `g�PK�SNK�BEDQ:JI\;"BNK?VHIga,K�SESN@CBNK p2(X) ∈ Q[X] b−
@CBESN@Cl,@CI\; = K�;�e�V\; = OE:<;COE:a,K�SESN@CBNK

q(X) ∈ Q[X] h_ Km`g�|OE:UOESNKuVHI\;x>A@CBED2;
FH: = :JILKM;"BNKzOE:JDQDRK�SEBE:UTM; ba : Q[X] × Q[X] → QSM7�T87
ba((p(X), q(X))) = p(a)q(a)

TY�LK�IL@CI�;"DQDRK�SESNK�a,K�SESN@CBE:
ba−

:UON@CSEBN@CZH:��u��ONK
ba : R[X] × R[X] → R

�

w


